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Psychology faces a deep crisis of confidence and is at the risk of losing its credibility. Re-

searchers are being criticized for the way they are conducting studies, analyzing data and

reporting results. Confronted with this poor research quality in psychology, several recommen-

dations have been made to overcome this problem. The goal of this dissertation is to make a

contribution to this enterprise of improving research quality in the field of psychology.

In Chapter1, we carry out a replication study, implementing the most commonly made

recommendation for good research practices. In particular, we aim to replicate the crowd

within effect, according to which the average of two guesses from one person provides a better

estimate than the single guesses on their own. We also tried to make this an exemplary study, in

the sense that we attempted to follow most recommended good research practices when carrying

out the study.

In Chapter2, we extend the class of recommendations that focus on transparency by high-

lighting the importance of an increased transparency about arbitrary choices in data processing.

We start from the observation that processing raw data into a data file ready for analysis often

involves arbitrary choices among several reasonable options for excluding, transforming, and

coding data. Using a worked example focusing on the effect of fertility on religiosity and polit-

ical attitudes, we show that these arbitrary choices can lead to widely fluctuating results. We

suggest that instead of performing only one analysis, researchers should perform a multiverse

analysis, which involves performing all analyses across the whole set of alternatively processed

data sets corresponding to a large set of reasonable scenarios. A multiverse analysis offers an

idea of how much the conclusions change because of arbitrary choices in data processing and

gives pointers as to which choices are most consequential in the fragility of the result.

Chapters 3 and 4 cover topics concerning Bayes factors, which are being advocated as a

Bayesian alternative for null hypothesis significance testing.

In Chapter 3, we compare the Bayes factor with an alternative Bayesian model selection

method: the Prior Information Criterion (PIC). This latter method is a recently developed

Bayesian model selection method, with close resemblances to the Bayes factor. Both methods

are compared on their behavior in the context of the binomial model and we derive formal

relations between them. We show that the PIC can lead to conclusions that not only widely

differ from the conclusions based on the Bayes factor, but are also highly undesirable.

Finally, in Chapter 4, we extend the core idea of Bayes factors — considering average fit

rather than best fit — to qualitative data. Whereas Bayes factors focus on fit with respect to

the quantitative aspects of the data, psychologists are often interested in the qualitative aspects

of the data, such as ordinal patterns. We explore the potential of Parameter Space Partitioning

— a model evaluation tool that focuses on qualitative data patterns — as a model selection

method, focusing on average model fit with respect to the qualitative aspects of the data.
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Psychologie ondergaat een vertrouwenscrisis en loopt het risico om zijn geloofwaardigheid te

verliezen. Onderzoekers worden bekritiseerd voor de manier waarop ze studies uitvoeren, data

analyseren, en hun resultaten rapporteren. Als reactie op deze confrontatie met een slechte

onderzoekskwaliteit in de psychologie zijn er verschillende aanbevelingen voorgesteld om dit

probleem op te lossen. Het doel van dit proefschrift is om een bijdrage te leveren aan deze

onderneming om de onderzoekskwaliteit binnen het veld van de psychologie te verbeteren.

In Hoofdstuk 1 voeren we een replicatiestudie uit. Daarmee implementeren we de meest

geciteerde aanbeveling voor goede onderzoekspraktijken. Meer specifiek willen we het “crowd

within” effect repliceren, wat inhoudt dat het gemiddelde van twee gokken van een persoon een

betere schatting geeft dan de eerste en de tweede gok apart. We probeerden van deze studie ook

een voorbeeldstudie te maken, in de zin dat we de meest frequente aanbevelingen voor goede

onderzoekspraktijken trachtten te volgen bij het uitvoeren van de studie.

In Hoofdstuk 2 breiden we de categorie van aanbevelingen die focussen op transparantie

uit door het belang van een verhoogde transparantie over arbitraire keuzes in dataverwerking

te benadrukken. We vertrekken vanuit de observatie dat het verwerken van ruwe data tot een

databestand dat geschikt is voor data analyse vaak arbitraire beslissingen tussen verschillende

redelijke opties voor het verwijderen, transformeren en coderen van data met zich meebrengt.

Aan de hand van een uitgewerkt voorbeeld dat focust op het effect van vruchtbaarheid op

religiositeit en politieke attitudes, tonen we dat deze arbitraire keuzes kunnen leiden tot ruim

fluctuerende resultaten. We suggereren dat in de plaats van het uitvoeren van een enkele analyse,

onderzoekers een multiverse analyse zouden moeten uitvoeren, wat inhoudt dat alle analyses

over de hele set van alternatief verwerkte data sets worden uitgevoerd, corresponderend aan

een grote set van aannemelijke scenario’s. Een multiverse analyse geeft een idee over de mate

waarin conclusies veranderen door arbitraire keuzes in dataverwerking, en geeft aanwijzingen

over welke keuzes het meest invloedrijk zijn op de kwetsbaarheid van het resultaat.

Hoofdstukken 3 en 4 gaan over onderwerpen die te maken hebben met Bayes factoren, wat

bepleit wordt als Bayesiaans alternatief voor nulhypothese significantietoetsing.

In Hoofdstuk 3 vergelijken we Bayes factoren met een alternatieve Bayesiaanse modelse-

lectiemethode: de Prior Information Criterion (PIC). Deze laatste methode is een recent on-

twikkelde Bayesiaanse modelselectiemethode, met grote gelijkenissen met de Bayes factor. Beide

methoden worden vergeleken met betrekking tot hun gedrag in de context van het binomiaal

model, en we leiden formele relaties af tussen hun. We tonen dat de PIC kan leiden tot con-

clusies die niet alleen ruim verschillen van die gebaseerd op de Bayes factor, maar ook zeer

onwenselijk zijn.

Tot slot, in Hoofdstuk 4 breiden we het basisidee van de Bayes factor — de gemiddelde

fit in plaats van de beste fit beschouwen — uit naar kwalitatieve data. Terwijl Bayes factoren

focussen op fit met betrekking tot de kwantitatieve aspecten van de data, zijn psychologen vaak

gëınteresseerd in de kwalitatieve aspecten van de data, zoals ordinale patronen. We onderzoeken

het potentieel van Paramater Space Partitioning — een modelevaluatie-instrument dat focust

op kwalitatieve datapatronen — als een modelselectiemethode, met een focus op de gemiddelde

model fit met betrekking tot de kwalitatieve aspecten van de data.
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General Introduction

Crisis of confidence

Psychology faces a deep crisis of confidence and is at the risk of losing its

credibility. Researchers are being criticized for the way they are conduct-

ing their studies, analyzing their data and reporting their results. When

collecting and analyzing their data, researchers have the tempting opportu-

nity to use strategic practices that lead to publishable results but jeopardize

the trustworthiness of the findings. One such procedure is sneaking in ex-

ploratory strategies in a confirmatory testing procedure, in which researchers

explore various alternatives and selectively report only the statistically sig-

nificant results with post-hoc explanations, portraying them as confirmatory

findings (e.g. Wagenmakers, Wetzels, Borsboom, & van der Maas, 2011).

This can lead to biased effect size estimates and increased rates of false pos-

itive findings. As a result, many findings in psychological science are hard

to replicate (e.g., Open Science Collaboration, 2015). Although question-

able research practices have been acknowledged and have been warned for

years ago already (De Groot, 1956/2014; Kerr, 1998), it is only recently

that psychology is in a heated discussion about this issue (e.g., Pashler &

Wagenmakers, 2012; Simmons, Nelson, & Simonsohn, 2011; Vul, Harris,

Winkielman, & Pashler, 2009). It seems to be not uncommon that psy-

chologists engage in dubious research practices, such as failing to report all

dependent measures, neglecting negative outcomes, collecting more data af-

1



2 General Introduction

ter seeing whether the results were significant, and so on (John, Loewenstein,

& Prelec, 2012).

Improving research practices

Confronted with this poor research quality in psychology, several recommen-

dations have been made to overcome this problem. One of the most cited

recommendations is replication: The most straightforward way for gaining

confidence in findings is by confirming them in replication studies. Some au-

thors have emphasized the need for direct replication studies (e.g., Brandt

et al., 2014; LeBel & Peters, 2011; Simons, 2014), in which the methods and

procedures of the original study are copied as close as possible, whereas oth-

ers have argued for conceptual replications (e.g., Stroebe & Strack, 2014),

in which original study aspects are deliberately changed in order to evaluate

the generalizability of the effect across different conditions.

A major class of recommendations involves an increased transparency.

For example, by clearly reporting which findings are confirmatory and ex-

ploratory, readers get a more fair view on the results. A procedure that

automatically imposes this division is preregistration, which involves regis-

tering the study hypotheses, methods and analyses before data collection.

One way in which researchers can preregister their study is via online plat-

forms such as the Open Science Framework (Spies et al., 2012), which offers

researchers a user-friendly environment for specifying their study details and

“freezing” or fixing this information before data collection. Another form

of pre-registration is through a “registered report”, which is a publishing

format in which a researcher’s hypotheses and methodology are submitted

and reviewed before data collection. Once this registered report is accepted,

and the data are collected and analyzed according to this report, the study

is published, independent of the results. Many researchers have been advo-

cating preregistration (e.g., Asendorpf et al., 2013; Ioannidis, 2014; Wagen-
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makers, Wetzels, Borsboom, van der Maas, & Kievit, 2012) and more and

more journals support the possibility for submitting registered reports (e.g.,

Chambers, 2013; Nosek & Lakens, 2016). Other much discussed topics in

the class of transparency recommendations include open data and materials

(e.g., Nosek et al., 2015; Sijtsma, 2016; Rouder, 2016; Wicherts, Bakker, &

Molenaar, 2011), and the disclosure of information about sample size de-

termination, data exclusion, all manipulations and all measures (Simmons,

Nelson, & Simonsohn, 2012).

Another class of recommendations is concerned with a change in analy-

sis methods. Most psychologists rely on p-values to draw conclusions about

their hypotheses: Results are significant, whenever a pre-specified signif-

icance level is reached. Some researchers argue against this dichotomous

way of inference and suggest to rely on estimation, such as effect sizes and

confidence intervals: Instead of focusing on the presence of an effect, it is

considered to be more informative to focus on the size of the effect (e.g.,

Asendorpf et al., 2013; Cumming, 2013). In fact, this guideline has already

been proposed almost two decades ago by the American Psychological As-

sociation Task Force on Statistical Inference (Wilkinson, 1999), and it has

now revived in the current crisis. Other researchers are advocating to move

away from the traditional frequentist statistical framework, and adopt the

Bayesian framework instead, with Bayes factors and posterior distributions

as Bayesian equivalents for hypothesis testing and estimation, respectively

(e.g., Dienes, 2016; Kruschke, 2011; Rouder, Speckman, Sun, Morey, & Iver-

son, 2009; Wagenmakers et al., 2011).

Other recommendations are, for example, situated at the level of study

design (e.g., perform a power analysis, use more strong manipulations, Sim-

mons et al., 2011; Schimmack, 2012), data collection (e.g., blinding of ex-

perimenters, Wicherts et al., 2016), analysis protocols (e.g., blind analysis,

using a co-pilot approach, MacCoun & Perlmutter, 2015; Wicherts, 2011),
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the review process (e.g., peer reviewer’s openness initiative, transparency

and openness promotion guidelines, Morey et al., 2016; Nosek et al., 2015),

academic incentive structures (e.g., more emphasis on quality, rather than

quantity, of publications, Ioannidis, Munafò, Fusar-Poli, Nosek, & David,

2014) and education (e.g., establish a standard of good research practice in

the classroom, Asendorpf et al., 2013).

Clearly, in the light of the crisis of confidence, psychology has been sub-

ject to a wide range of recommendations, all sharing the same goal: Im-

proving research quality in order to restore confidence. The goal of this

dissertation is to make a contribution to this movement towards better re-

search practices in psychology.

Overview of the chapters in this dissertation

The dissertation starts with a replication study (Chapter 1), directly ad-

dressing the most commonly made recommendation for good research prac-

tices. In particular, we aimed to replicate the crowd within effect, accord-

ing to which the average of two guesses from one person provides a better

estimate than the single guesses on their own (Vul & Pashler, 2008). In

this study, we attempted to follow good research practices when carrying

out the study. For example, before data collection, we preregistered our

study, including the hypotheses, materials and analysis code. Concerning

data analysis, we evaluated our findings from different perspectives (i.e., null

hypothesis significance testing, effect sizes, confidence intervals, and Bayes

factor). We adopted a co-pilot, multi-software approach, in the sense that

all analyses were performed independently by two researchers using differ-

ent analysis software. Finally, we made all our study information publicly

available on the Open Science Framework.

In Chapter 2, we extend the class of transparency recommendations by

highlighting the importance of an increased transparency about arbitrary
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choices in data processing. We start from the observation that processing

raw data into a data file ready for analysis often involves arbitrary choices

among several reasonable options for excluding, transforming, and coding

data. Using a worked example focusing on the effect of fertility on religios-

ity and political attitudes, we show that these arbitrary choices can lead to

widely fluctuating results. We suggest that instead of performing only one

analysis, researchers should perform a multiverse analysis, which involves

performing all analyses across the whole set of alternatively processed data

sets corresponding to a large set of reasonable scenarios. A multiverse anal-

ysis offers an idea of how much the conclusions change because of arbitrary

choices in data processing and gives pointers as to which choices are most

consequential in the fragility of the result.

In the remaining two chapters, we focus on one particular recommenda-

tion for better research practices in specific: The adoption of the Bayesian,

rather than the frequentist, statistical framework. Chapters 3 and 4 cover

topics concerning Bayes factors, which are being advocated as a Bayesian

alternative for p-values.

In Chapter 3, we compare the Bayes factor with an alternative Bayesian

model selection method: the Prior Information Criterion (PIC; van de Schoot,

Hoijtink, Romeijn, & Brugman, 2012). This latter method is a recently de-

veloped Bayesian model selection method, with close resemblances to the

Bayes factor. Both methods are compared on their behavior in the context

of the binomial model and we derive formal relations between them. We

show that the PIC can lead to conclusions that not only widely differ from

the conclusions based on the Bayes factor, but are also highly undesirable.

Finally, in Chapter 4, we extend the core idea of Bayes factors —

considering average fit rather than best fit — to qualitative data. Whereas

Bayes factors focus on fit with respect to the quantitative aspects of the data,

psychologists are often interested in the qualitative aspects of the data, such
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as ordinal patterns. We explore the potential of Parameter Space Partition-

ing (PSP; Pitt, Kim, Navarro, & Myung, 2006) — a model evaluation tool

that focuses on qualitative data patterns — as a model selection method,

focusing on average model fit with respect to the qualitative aspects of the

data.

Each of the four chapters corresponds to a published paper:

Chapter 1: Steegen, S., Dewitte, L., Tuerlinckx, F., & Vanpaemel, W.

(2014). Measuring the crowd within again: A pre-registered replica-

tion study. Frontiers in Psychology, 5, 786.

Chapter 2: Steegen, S., Tuerlinckx, F., Gelman, A., & Vanpaemel, W.

(2016). Increasing transparency through a multiverse analysis. Per-

spectives on Psychological Science, 11, 702-712.

Chapter 3: Steegen, S., Woojae, K., Pestman, W., Tuerlinckx, F, & Van-

paemel, W. (in press). A theoretical note on the prior information

criterion. Journal of Mathematical Psychology.

Chapter 4: Steegen, S., Tuerlinckx, F., & Vanpaemel, W. (2017). Us-

ing parameter space partitioning to evaluate a model’s qualitative fit.

Psychonomic Bulletin Review, 24, 617-631.



Chapter 1

Measuring the crowd within again: A pre-

registered replication study

Introduction

Quantitative judgements to general knowledge questions are famously known

to be more accurate when estimates are averaged over a crowd compared to

the individual estimates (Surowiecki, 2004). When individuals are guessing

independently of each other, the crowd’s estimate will be closer to the truth

than the majority of the individual guesses. This “wisdom of the crowds”

effect has been observed in a wide range of applications, including weight

guessing, ordering tasks and market predictions (e.g., Dani, Madani, Pen-

nock, Sanghai, & Galebach, 2012; Galton, 1907; Steyvers, Lee, Miller, &

Hemmer, 2009).

In an elegant experiment, Vul and Pashler (2008) showed that the wis-

dom of crowds can also be obtained within a single individual. Participants

were asked to make their best guess on eight general knowledge questions.

Immediately after completing this, participants were unexpectedly asked to

make a second, different guess for each question. The results showed that,

overall, the average of two estimates from one person was more accurate

than a single estimate of that person. It thus seems as if people possess a

7



8 Chapter 1

crowd within they can consult.

Vul and Pashler (2008) further showed that increasing the independence

between both guesses strengthens the crowd within effect. In particular, a

second group of participants was asked to answer the same questions three

weeks later instead of immediately after completing the first questionnaire.

The benefit of averaging two guesses within a person was larger in this

delayed condition than when the second guess was elicited immediately (i.e.,

the immediate condition).

On a practical level, the phenomenon that averaging multiple guesses

within a person improves estimation accuracy has useful implications in

daily life with respect to decision making, as it shows that judgements can

benefit from the proverbial “sleeping on it”. The crowd within effect has

also important theoretical implications, as it suggests that our knowledge

is represented in internal probability distributions from which responses are

sampled. As such, it provides a solid ground of evidence for the emerging

idea that human reasoning rests on Bayesian inference (e.g., Jones & Love,

2011; Tenenbaum, Griffiths, & Kemp, 2006). The practical and theoretical

appeal of the crowd within has resulted in extensive media coverage (e.g.,

Herbert, 2008; “The Crowd Within”, 2008) and 78 citations (according to

Google Scholar, June 7, 2013).

We know of four studies that attempted to replicate the crowd within

effect in the immediate condition, with mixed results. Two of these studies

report the finding that averaging two successive guesses from one person

provides better estimates than the single guesses (Hourihan & Benjamin,

2010; Rauhut & Lorenz, 2011)1. The results from the two remaining studies

were somewhat mixed. In line with the crowd within effect, Herzog and

1In Hourihan and Benjamin (2010), a minority of the subjects made the second guess

after a delay of less than an hour instead of immediately following the first guess. However,

Hourihan and Benjamin (2010) reported that this procedural difference did not affect the

data, so it was not examined further.
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Hertwig (2009) showed that aggregating two guesses improved estimation

accuracy compared to single guesses. However, the 95% confidence inter-

val for this accuracy gain included the null value2. Finally, Edward Vul

informed us about an unpublished replication attempt that failed to find a

significant improvement of the average of two guesses compared to the first

guess (Banker & McCoy, 2013). However, in support of the crowd within,

the results did point in the expected direction (see Table 1.1 for more de-

tails).

To the best of our knowledge, there are no replication attempts of the

delayed condition. This condition yielded the strongest effect of the crowd

within, which is in line with the idea that the benefit of averaging is a result

of the different guesses being sampled from a probability distribution. Since

a certain level of independence between the errors of the estimates is crucial

in order to get this effect, it is logical that a three-week delay between the

guesses (inducing a greater independence) enhances the benefit. Although

this manipulation has never been adopted in other research studying the

crowd within, a few studies did show that other factors boosting indepen-

dence between the two guesses enhance the benefit of averaging (e.g., Herzog

& Hertwig, 2009; Hourihan & Benjamin, 2010).

In the light of the practical and theoretical appeal of the crowd within,

and the limited success in replicating the effect, we believe it is worthwhile

to set up another attempt at replicating the crowd within effect in both the

immediate and the delayed condition of Vul and Pashler (2008).

2More specifically, the reported accuracy gain (defined as the median decrease in error

of the average of the two estimates relative to the first estimate, across items) was on

average 0.3 percentage points with SD = 2.3%, Mdn = 0%, CI = [0.0% - 0.8 %] and d =

0.12.
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Method

Before the start of the data collection, we preregistered this study at the

Open Science Framework (osf.io/p2qfv; Spies et al., 2012). We preregis-

tered a document containing details about samples size calculation, recruit-

ment plan, materials and procedure, data cleaning, and data analysis. We

also preregistered details of the experiment such as the instructions, and an

executable Matlab script of the confirmatory analyses. This code can also

be found in Appendix A. This whole method section (until the results sec-

tion) is literally copied from the preregistered document, except for changed

tenses, updated references, and added footnotes 4 and 5.

Sampling Plan

Immediate condition

The sampling plan for the immediate condition was based on a power anal-

ysis considering the existing evidence for the crowd within effect in this con-

dition from the original paper by Vul and Pashler (2008) on the one hand,

and from two replication attempts on the other hand, namely the study by

Hourihan and Benjamin (2010) and the study by Banker and McCoy (2013).

The results from Herzog and Hertwig (2009) were not included in the power

analysis, because these authors measured accuracy gain in a different way

than Vul and Pashler (2008)3, making the reported statistics in these two

studies incomparable. Finally, the results from Rauhut and Lorenz (2011)

could not be considered, since this study did not report sufficient information

to calculate the required effect sizes.

3Whereas Vul and Pashler (2008) measured accuracy gain by taking the difference

between the mean squared error (MSE) of one of the single estimates and the MSE of

the aggregated guess, Herzog and Hertwig (2009) defined accuracy gain as the median

decrease in absolute error of the aggregated estimates relative to the first estimate.
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The power calculations were based on a weighted average effect size

across the three relevant studies. As a measure of effect size, we used Cohen’s

standardized mean difference dz for dependent groups (Cohen, 1988, p. 48):

dz =
µX − µY
σX−Y

=
µX − µY√

σ2
X + σ2

Y − 2σXσY ρXY

, (1.1)

where µX and µY are the means in the two groups, σX and σY are the

standard deviations in the two groups and ρXY is the correlation between

the pairs of observations. This effect size can easily be estimated from the

t-statistic for dependent groups for a given effect and the corresponding

sample size n, as follows:

d̂z =
t√
n
. (1.2)

Table 1.1 shows the means, standard deviations, correlations between the

pairs of observations, sample sizes, t-statistics and p-values of the immediate

condition in all three studies, as well as the resulting effect sizes. Since

the crowd within effect comprises an accuracy gain of the average guess

compared to either of both single guesses, two effect sizes were calculated in

each study: One effect size for guess 1 (i.e., the standardized mean difference

between the mean squared error (MSE) of guess 1 and the MSE of the

aggregated guess) and another effect size for guess 2 (i.e., the standardized

mean difference between the MSE of guess 2 and the MSE of the aggregated

guess).

We pooled the individual effect sizes across the studies by weighing each

effect size with its inverse variance (Cooper, Hedges, & Valentine, 2009):

dz =

∑k
i=1wid̂zi∑k
i=1wi

, (1.3)

where k is the number of studies and wi is the inverse of the variance vi of

effect size d̂zi in study i:

1

wi
= vi =

(
1

ni
+
d̂2
zi

2ni

)
2(1− ri), (1.4)
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where ni is the sample size and ri is the correlation between the pairs of

observations in study i.

Pooling the effect sizes across the three studies resulted in a weighted

average effect size of dz = .17 for guess 1 and dz = .56 for guess 2.

Using G*Power 3.1 (Faul, Erdfelder, Buchner, & Lang, 2009), we cal-

culated a planned sample size for achieving a .95 power level using a two-

tailed dependent t-test, given both effect sizes. This resulted in a sample

size n = 439 for guess 1 and n = 31 for guess 2.4 To be most conservative,

we planned to adopt at least the largest sample size of these two, that is

n = 439.

Delayed condition

As there are no known replication attempts of the crowd within effect in

the delayed condition, the sampling plan for this condition was based on

an effect size estimated from Vul and Pashler (2008) only. Again, we used

Cohen’s dz as a measure of effect size, and we estimated an effect size for

guess 1 and guess 2, using formula (1.2). The estimated effect sizes, as well

as the means, standard deviations, correlations, sample sizes, t-statistics and

p-values are shown in Table 1.2. Using G*Power 3.1, we calculated a planned

sample size n = 48 for guess 1 and n = 13 for guess 2 in order to achieve a

power of .95, using a two-tailed dependent t-test.5 To be conservative, we

planned to adopt a sample size of at least n = 48 in the delayed condition.

4These target sample sizes are incorrect, and should be n = 452 for guess 1 and n = 44

for guess 2 instead. As the effective samples size, as reported in the Sample section

(n = 471), exceeds the corrected target sample sizes, this error is non-consequential (see

also Steegen, Dewitte, Tuerlinckx, & Vanpaemel, 2014).
5These target sample sizes are incorrect, and should be n = 61 for guess 1 and n = 26

for guess 2 instead. As the effective samples size, as reported in the Sample section

(n = 140), exceeds the corrected target sample sizes, this error is non-consequential (see

also Steegen et al., 2014).
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Recruitment

We recruited participants at the University of Leuven. Psychology students

were asked to participate in the experiment either in turn for course cred-

its (immediate condition) or for a chance to win cinema tickets (delayed

condition). Given the characteristics of psychology students, we expected a

majority of female participants between the age of 18 and 23. Following the

original paper, participants did not have to meet any inclusion criteria. As

will become clear below, we did not know beforehand the exact number of

participants, so the sample sizes computed above are minimal sample sizes.

Data were only analyzed once to avoid multiple comparison issues.

For the immediate condition, we recruited participants until we had

reached at least the planned sample size of 439. In particular, we made

use of sessions where participants were assigned in batches. The size of each

batch was largely beyond our control, making the exact sample size un-

known beforehand. We used the minimum number of batches to reach the

planned minimal sample size of 439. The actual sample size was expected

to be larger than 439.

For the delayed condition, we made use of a pool of about 300 students

attending a course. All of them were invited to participate in an experiment

consisting of two sessions. Three weeks after the first session, students who

participated in the first session were invited to participate in the second

session. Data were used from students who participated in both sessions

(i.e., data from students who only participated in the first session were

discarded). Again, the actual sample size was unknown beforehand, and

was expected to be larger than 48.6

6We planned that in the unlikely case that the planned sample size was not reached

(i.e., there were less than 48 students participating twice), we would repeat the procedure

in another course and combine the data from both courses in our analyses. However, this

turned out to be unnecessary.
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Materials and Procedure

Materials

The original material in the study of Vul and Pashler consisted of eight

real-world knowledge questions7, shown in Table 1.3. We adopted these

questions with updated answers (derived from The World Factbook, Central

Intelligence Agency, 2013), as shown in Table 1.3. These questions were

translated in Dutch.

Procedure Immediate Condition

Participants were seated in front of computer screens in groups of 10-15

persons. At the beginning of the study, they were asked to activate full

screen mode on their computer and to stay in this mode during the en-

tire experiment. This was to prevent them from looking up the answers to

the questions. Next, after signing an informed consent and providing their

demographic details (sex, age and nationality), participants were given the

eight general knowledge questions sequentially, with the instruction to guess

the correct answers and to not look them up. In line with the original study

(Edward Vul, personal communication, June 6, 2013), the eight questions

were presented in randomized order and participants were prevented from

going back to earlier questions. Immediately after completing the first ques-

tionnaire, participants were unexpectedly asked to make a second, different

guess for each question. Again, the questions were presented in randomized

order. After completion, participants were asked to indicate whether they

had looked up the answers to the questions or not.

7We retrieved these questions from Edward Vul’s webpage (Vul, n.d.).
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Procedure Delayed Condition

Students attending a course were asked to participate in a short experiment

later that day, on the internet, without explaining the task they would have

to perform. At the time of the experiment, participants were asked to acti-

vate full screen mode on their computer and to stay in this mode during the

entire experiment. They were also asked not to seek help from anyone while

performing the task. In line with the original study (Edward Vul, personal

communication, October 19, 2013), participants were informed that there

would be a second session of the experiment three weeks later, but without

giving advance notice that they would be answering the questions a second

time. After signing an informed consent and providing their demographic

details (sex, age and nationality), participants were given the eight general

knowledge questions in the same way as in the immediate condition. After

completing the questionnaire, participants were asked not to discuss the task

with their companion students or other people, nor to look up the answers

to the questions. Three weeks later, participants who participated in the

first session of the experiment were invited per mail to participate in the

second session, also on the internet. In this session, they were asked to give

a second, different guess to each of the eight questions. At the end of the

second session, participants were asked to indicate whether they had looked

up the answers to the questions (either during the first session, during the

second session or in the period between the two sessions) or not.

Known Differences from Original Study

The study differed from the original study in two aspects. Firstly, as we

explained above, the real-world knowledge questions used in the study of

Vul and Pashler (2008) were translated to Dutch and the answers to these

questions were updated.

Secondly, we expected that our subject pool of undergraduate students
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Table 1.3: Questions used in Vul & Pashler (2008) with original answers and

updated answers

No. Question Answers in Answers in

Vul & Pashler current

(2008) study

1 The area of the USA is what percent of the area of the Pacific Ocean? 6.3 6.3

2 What percent of the world’s population lives in either China, India, or the European Union? 44.4 43.3

3 What percent of the world’s airports are in the United States? 30.3 32.3

4 What percent of the world’s roads are in India? 10.5 13.4

5 What percent of the world’s countries have a higher fertility rate than the United states? 58 53.6

6 What percent of the world’s telephone lines are in China, USA, or the European Union? 72.4 54.8

7 Saudi Arabia consumes what percentage of the oil it produces? 18.9 26.4

8 What percentage of the world’s countries have a higher life expectancy than the United States? 20.3 22.4

would be less diverse than the internet-based subject pool in the original

study with respect to variables such as age, ethnicity and educational level.

However, we do not believe this is critical for a fair replication, since there

is no a priori or theoretical reason why the crowd within effect would rely

on these type of variables.

Confirmatory Analysis Plan

Data cleaning plan

Vul and Pashler (2008) did not adopt any data filtering procedures in their

study (Edward Vul, personal communication, April 30, 2013). However,

following the original authors’ advice, we planned to exclude data from

those participants which defocused the browser window running the study,

as the latter may be an indication of participants looking up the answers to

the questions. On the same line of reasoning, we planned to exclude data

from participants who indicated that they had looked up the answers to the

questions at the end of the experiment. Further, we planned to exclude data

when impossible answers (i.e., percentages below zero or above hundred) or

blank answers were given. In this case, both guesses for the concerning

question were planned to be excluded from the analyses.
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Analysis process

A complete replication of the Vul and Pashler (2008) paper includes a higher

accuracy of the aggregated guess compared to the individual guesses, in both

the immediate and the delayed condition.

In accordance with the original study, we assessed for each participant

the accuracy of a guess with the MSE of the estimate across all eight ques-

tions. In each condition, the MSE of guess 1, guess 2, and the average of

both guesses was calculated for each participant. The MSE of the average

was calculated by first averaging guess 1 and guess 2, and then computing

the MSE. Next, we compared the MSE of guess 1 and the MSE of the av-

erage of both guesses across participants by performing a two tailed t-test

for paired observations. Further, we repeated this for the comparison of

the MSE of guess 2 and the MSE of the average of both guesses. For each

condition, if the observed values of both t-statistics were positive (i.e., both

the MSE of guess 1 and the MSE of guess 2 were on average larger than the

MSE of the aggregated guess) and a p-value smaller than .05 was obtained

for both the tests, we evaluated the replication of the crowd within effect as

being successful in the concerning condition.

Besides these traditional metrics for evaluating the success of a replica-

tion attempt, we calculated the effect sizes, d̂z, for guess 1 (i.e., the stan-

dardized mean difference between the MSE of guess 1 and the MSE of the

aggregated guess) and for guess 2 (i.e., the standardized mean difference be-

tween the MSE of guess 2 and the MSE of the aggregated guess), together

with their 95% confidence intervals. This allowed us to consider subtleties

in the replication outcomes beyond the traditional dichotomy of failure or

success of the replication attempt (see Simonsohn, 2015).

Following Vul and Pashler (2008), we performed two additional tests.

First, we also compared the difference in accuracy between guess 1 and

guess 2, again by performing a two tailed t-test for paired observations.
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Vul and Pashler (2008) found that second guesses were less accurate than

first guesses, indicating that the accuracy gain of averaging could not be

attributed to subjects looking up the answers between guesses. Second,

we compared the benefit of averaging in the immediate condition and the

delayed condition by performing an unpaired t-test on the mean difference

in error between the first guess and the average guess in the immediate

condition versus the delayed condition. As discussed in the Introduction,

Vul and Pashler (2008) found that the benefit of averaging was greater in

the delayed condition than in the immediate condition.

Results

The raw data and processed data are available at the Open Science Frame-

work (osf.io/ivfu6; Spies et al., 2012), accompanied with three Matlab

scripts to execute the processing of the raw data, the pre-registered con-

firmatory analyses (see also Appendix A and B)8 and additional post-hoc

analyses. We adopted a co-pilot approach (Wicherts, 2011) in the sense

that aside from the analyses based on this Matlab code, the second author

independently post-processed and analyzed the data in SPSS, except for the

calculation of the confidence intervals for the effect sizes and the calculation

of the Bayes factors. The results obtained from these SPSS analyses were

identical to the results from the Matlab analyses.

8Whereas Appendix A contains the preregistered Matlab code for the confirmatory

analyses, we used the code in Appendix B. The code in Appendix B extends the code in

Appendix A in that it contains code for the calculation of descriptive statistics, some effect

sizes, some confidence intervals for effect sizes, and code to make the scatter histogram

plots in Figure 1.2.
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Sample

Immediate Condition

A total of 484 psychology students participated in the immediate condition.

However, 11 of these participants did not complete the experiment, so the

data from these participants were excluded in the data analysis. Following

our preregistered data cleaning plan, we also excluded the data from two

participants who indicated that they had looked up the answers to the ques-

tions. Further, we were planning to exclude data from those participants

who defocused the browser window while running the study. Yet, due to

a technical problem, the digital assessment of whether participants had de-

focused the browser window in the immediate condition was not reliable.

Fortunately, this is not problematic in this condition, as at the time of the

data collection an experimenter was present in the back of the room, ascer-

taining that participants did not defocus the browser window. Finally, we

were planning to exclude data when impossible answers (i.e., percentages

below zero or above hundred) or blank answers were given. However, as it

was made impossible to provide these type of answers in the experiment,

this part of the data cleaning plan did not need to be executed. Our fi-

nal sample of 471 psychology students consisted of 397 women and 74 men,

with a mean age of 19.2 (SD = 2.8). Note that the gender imbalance in our

sample is according to our expectations.

Delayed Condition

A total of 231 psychology students participated in the first session of the

delayed condition and 171 of these students also participated in the second

session. We excluded the data from 9 participants who did not complete one

or both sessions, the data from 21 participants who defocused the browser

window while running the study and the data from one participant who
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indicated that she had looked up the answers to the questions. Similar to

the immediate condition, it was made impossible for participants to provide

impossible or blank answers, so we did not need to exclude data based

on these criteria. Our final sample of 140 participants consisted of 125

women and 15 men, with a mean age of 22.0 (SD = 3.1). Again, this gender

imbalance is according to our expectations.

Confirmatory Analysis

As shown in Figure 1.1, both in the immediate and in the delayed condition,

the accuracy of the aggregated guess was higher compared to the accuracy

of the individual guesses (see also Table 1.4). In the immediate condition,

the mean MSE of the average of the two guesses (M = 541, SD = 313)

was smaller than both the mean MSE of guess 1 (M = 589, SD = 336),

t(470) = 8.69, p < .001, d̂z = .40, 95% CI = [.31, .49] and the mean MSE of

guess 2 (M = 615, SD = 351), t(470) = 10.26, p < .001, d̂z = .47, 95% CI

= [.38, .57]. Likewise, in the delayed condition, the mean MSE of the average

of the two guesses (M = 467, SD = 260) was smaller than both the mean

MSE of guess 1 (M = 517, SD = 288), t(139) = 4.02, p < .001, d̂z = .34,

95% CI = [.17, .51] and the mean MSE of guess 2 (M = 589, SD = 327),

t(139) = 8.48, p < .001, d̂z = .72, 95% CI = [.53, .90]. Thus, our results are

comparable to the results obtained by Vul and Pashler (2008).

According to the traditional standards for evaluating replication at-

tempts, the current study can be considered as a successful replication of

the crowd within effect, in both the immediate and the delayed condition.

Another strategy for evaluating replication attempts has recently been pro-

posed by Simonsohn (2015), who suggests to compare confidence intervals

for effect sizes with the small effect size d33%, associated with a power of 33%

in the original study. According to this detectability approach, a replication

attempt is successful when the null hypothesis is rejected and the effect size
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Figure 1.1: Mean mean squared errors (MSE’s) of guess 1, guess 2 and the average

of both guesses in the immediate condition and the delayed condition. Error bars

represent standard errors.

estimate is not significantly smaller than d33%. Using G*Power 3.1, we cal-

culated that d33% = .10 in the immediate condition and d33% = .12 in the

delayed condition, based on the sample sizes from Vul and Pashler (2008).

Clearly, our effect size estimates of both guesses in both conditions are larger

than d33%, so against this criterion also, the current study is a successful

replication of the crowd within effect in both the immediate and the delayed

condition.

Following Vul and Pashler (2008), we performed two additional analyses.

First, both in the immediate and in the delayed condition, second guesses

were less accurate than first guesses. In the immediate condition, the mean

MSE of guess 1 (M = 589, SD = 336) was smaller than the mean MSE of

guess 2 (M = 615, SD = 351), t(470) = −2.25, p = .025, d̂z = −.10, 95%

CI = [−.19,−.01]. Likewise, in the delayed condition, the mean MSE of

guess 1 (M = 517, SD = 288) was smaller than the mean MSE of guess

2 (M = 589, SD = 327), t(139) = −2.91, p = .004, d̂z = −.25, 95% CI =

[−.41,−.08]. These results reassure that the accuracy gain of averaging could

not be attributed to participants looking up the answers between guesses.
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This is also confirmed by the scatter plots with the marginal histograms

of the MSE’s of guess 1 and guess 2 in both conditions (see Figure 1.2).

As noted by Vul (n.d.), if participants were looking up the answers, there

should be a peak in the error histograms at the value that can be expected

when people know the right answer, i.e. error = 0. Clearly, this is not the

case in Figure 1.2.

Second, unlike in Vul and Pashler (2008), the accuracy gain of averaging

both guesses compared to guess 1 was not significantly larger in the delayed

condition than in the immediate condition.9 The mean difference between

the MSE of the average and the MSE of guess 1 was not significantly larger in

the delayed condition (M = 50, SD = 147) than in the immediate condition

(M = 48, SD = 119), t(609) = 0.18, p = .858, d̂ = .02, 95% CI = [−.17, .21].
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Figure 1.2: Mean squared errors (MSE’s) of guess 1 and guess 2 in the immediate

(Panel A) and in the delayed (Panel B) condition.

9Contacting the authors concerning the experiment led them to uncover that their data

show a slightly stronger evidence for this accuracy gain effect between both conditions

than what had been reported in the article originally. The reported t-statistic, t(426) =

2.12, p < .05, was smaller than the correct t-value, t(426) = 2.68, p = .008.
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Post-hoc Analyses

Since we were surprised by the non-significant difference between the imme-

diate and the delayed condition in the accuracy gain of averaging guesses

compared to guess 1, we also tested the difference between both condi-

tions by comparing the average guess to guess 2. Unlike our comparison

with guess 1, the mean difference between the MSE of the average and

the MSE of guess 2 was significantly larger in the delayed condition (M =

121, SD = 169) than in the immediate condition (M = 73, SD = 155),

t(609) = 3.14, p = .002, d̂ = .30, 95% CI = [.11, .49]. As this comparison

was not reported in the original paper, we performed the same analysis on

the raw data of the original study, which were provided to us by Edward

Vul. Unlike in the current study, the mean difference between the MSE

of the average and the MSE of guess 2 was not significantly larger in the

delayed condition (M = 164, SD = 218) than in the immediate condition

(M = 131, SD = 211), t(426) = 1.56, p = .12, d̂ = .15.

In sum, the evidence for the difference in magnitude of the crowd within

effect between the immediate condition and the delayed condition is mixed.

Whereas the original study by Vul and Pashler (2008) yields a significant

difference between both conditions when the average guess is compared to

guess 1, but not when it is compared to guess 2, the present study yields the

opposite pattern: When the average guess is compared to guess 2, there is

a significant difference between both conditions, but when it is compared to

guess 1, the difference is not significant. Thus, in both studies, introducing

a three-week delay increased the benefit of averaging compared to one of

both guesses only. However, it is important to keep in mind the exploratory

nature of these analyses, as we did not use a power analysis to determine

the sample size for testing these effects and we did not a priori specify the

comparison of the average with guess 2.
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Bayes Factors for Confirmatory and Post-hoc Analyses

The Bayesian alternative to null hypothesis significance testing is calculating

the Bayes factor (BF), which quantifies the evidence of the null hypothesis

relative to the alternative hypothesis. In contrast to a p-value, the BF can

provide evidence both in favor or against the null hypothesis. Therefore,

in addition to p-values, we calculated BF’s for all tests, using a web-based

Bayes factor calculator.10 Table 1.5 shows the BF’s for all tests of the con-

firmatory and post-hoc analyses, together with the t-statistics, sample sizes

and p-values. All BF’s show qualitatively identical results as the null hy-

pothesis significance tests (i.e., tests with p < .05 have BF < 1, indicating

evidence for the alternative hypothesis, whereas tests with p > .05 have

BF > 1, indicating evidence for the null hypothesis), except for the com-

parison between the error of guess 1 and guess 2 in the immediate condition.

The p-value for this latter test is .025, suggesting the difference is significant,

whereas the BF is 2.208, indicating anecdotal evidence for the null hypoth-

esis of no difference. However, both results are consistent with participants

not having looked up the answers between guesses.

Discussion

Our replication attempt of the crowd within effect supports the original find-

ing by Vul and Pashler (2008) that averaging two guesses within one person

provides a more accurate answer than either guess alone. This effect was

found when the second guess was made immediately after the first guess

(immediate condition), as well as when the second guess was made three

weeks later (delayed condition). These results were evaluated as success-

10The Bayes factor calculator, available at http://pcl.missouri.edu/bayesfactor,

requires input of the t-statistic and the sample size only. Following Rouder et al. (2009)’s

recommendations, we report the JZS Bayes factor.
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Table 1.5: JZS Bayes factors (BF, with scale r = 1) in favor of the null hypothesis

of no difference for all tests.

t n p BF

8.69 471 < .001 1.8 10−14

10.26 471 < .001 7.1 10−20

4.02 140 < .001 .007

8.48 140 < .001 4.7 10−12

-2.25 471 .025 2.208

-2.91 140 .004 0.252

0.18 471 (n1) & 140 (n2) .858 12.931

3.14 471 (n1) & 140 (n2) .002 0.107
Note: The first seven tests are from the confirmatory analyses, the last test

is from the post-hoc analyses.

ful replications against two different replication evaluation standards: The

traditional p-value approach on the one hand, and the recently proposed

detectability approach on the other hand.

The three-week delay between the two guesses improved the accuracy

gain of averaging compared to guess 2, but not compared to guess 1. These

results are comparable to those in Vul and Pashler (2008), where an increase

in accuracy gain was also observed with the comparison of one of both

guesses only. Thus, it seems that more research is needed to investigate

whether a temporal separation between guesses can boost the crowd within

effect.
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Appendices

Appendix A: Pre-registered Matlab Script for Confirmatory

Analyses

1 % This code is based on code written by Edward Vul,

2 % except for the computation of the confidence intervals ...

for the

3 % effect sizes, which is based on code provided by ...

Simonsohn (2013).

4 data;

5 % The data are 2 nx16 matrices (the first matrix with data from

6 % immediate condition; the second matrix with data from the ...

the delayed

7 % condition), where n is the sample size of the ...

corresponding condition.

8 % Each row corresponds to the answers from one participant. ...

The first 8

9 % columns correspond to the first guesses; the final 8 ...

colums correspond to

10 % the second guesses.

11

12 answers = [6.3 43.3 32.3 13.4 53.6 54.8 26.4 22.4];

13 % These answers are derived from The World Factbook ...

(Central Intelligence

14 % Agency, 2013)

15

16 %% sets are 1: immediate, 2: delayed

17

18 for set = [1:2]

19 [si sj] = size(data{set});

20 grp(set).n=si;

21 % guess 1

22 grp(set).g{1} = data{set}(:,[1:8]);
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23 % guess 2

24 grp(set).g{2} = data{set}(:,[9:16]);

25 % average of guesess

26 grp(set).g{3} = (grp(set).g{1}+grp(set).g{2})./2;

27

28 for g = [1:3]

29 %[n k] = size(grp(set).g{1});

30 bigans = repmat(answers, grp(set).n, 1);

31 % mean squared error

32 grp(set).d{g} = mean((grp(set).g{g}-bigans).ˆ2,2);

33 grp(set).mumse(g) = mean(grp(set).d{g});

34 grp(set).semse(g) = ...

std(grp(set).d{g})./sqrt(grp(set).n);

35 end

36 end

37

38 %% graph of mean MSE guess 1, guess2, average guess

39

40 figure();

41 barweb([grp(1).mumse; grp(2).mumse], [grp(1).semse; ...

grp(2).semse]);

42 ylim([400 700]);

43

44 %% comparisons between guess and average

45

46 for set = [1:2]

47 for g = [1:2]

48 % guess 1 or guess 2 compared to average.

49 % ttest

50 [h p ci stats] = ttest(grp(set).d{g} - grp(set).d{3});

51 grp(set).t{g} = stats.tstat;

52 grp(set).p{g} = p;

53 % effect size

54 grp(set).dz{g} = grp(set).t{g}/sqrt(grp(set).n);

55 % confidence interval (see Cumming and Finch (2001, pp. ...

544-545))



Replication of the crowd within effect 31

56 alpha=.05;

57 df = grp(set).n-1;

58 tnonct = inline('nctcdf(x,df,delta) - pr');

59 ncp low = fzero(@(delta) tnonct(delta, df, 1-alpha/2, ...

grp(set).t{g}), [-20,20]);

60 ncp high = fzero(@(delta) tnonct(delta, df, alpha/2, ...

grp(set).t{g}), [-20,20]);

61 grp(set).dzlow{g} = ncp low/sqrt(grp(set).n);

62 grp(set).dzhigh{g} = ncp high/sqrt(grp(set).n);

63 end

64

65 % guess 1 compared to guess 2.

66 [h3 p3 ci3 stats3] = ttest(grp(set).d{1} - grp(set).d{2});

67 end

68

69

70 %% comparison between magnitude of averaging benefit over ...

guess 1.

71 [h4 p4 ci4 stats4] = ttest2(grp(2).d{1} - grp(2).d{3}, ...

grp(1).d{1} - grp(1).d{3});
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Appendix B: Used Matlab Script for Confirmatory Analyses

1 % This is the code used for the confirmatory analyses.

2 % Apart from minor syntactic clean-up, this code differs ...

from the

3 % pre-registered code in Appendix A in that we added code for

4 % 1) descriptive statistics

5 % 2) the scatter histogram plots in Figure 2

6 % 3) some effect sizes

7 % 4) some confidence intervals for effect sizes.

8 % Further, the appearance of the bar chart (Figure 1) is ...

changed.

9

10 % The data file (data steegenetal2014.mat) is made from ...

several .txt files,

11 % using the code from steegenetal2014 postprocessing.m

12

13 % This code is based on code written by Ed Vul,

14 % except for the computation of the confidence intervals ...

for the

15 % effect sizes, which is based on code provided by ...

Simonsohn (2013).

16 clear all

17 close all

18 load data steegenetal2014;

19 % The data are 2 nx16 matrices (the first matrix with data from

20 % immediate condition; the second matrix with data from the ...

the delayed

21 % condition), where n is the sample size of the ...

corresponding condition.

22 % Each row corresponds to the answers from one participant. ...

The first 8

23 % columns correspond to the first guesses; the final 8 ...

colums correspond to
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24 % the second guesses.

25

26 % The code relies on barweb.m, which is available on ...

matlabcentral

27

28 % Steegen, S., Dewitte, L., Tuerlinckx, F., & Vanpaemel, W. ...

(2014). Measuring the crowd within again: A ...

pre-registered replication study. Frontiers in Psychology

29

30 answers = [6.3 43.3 32.3 13.4 53.6 54.8 26.4 22.4];

31 % These answers are derived from The World Factbook ...

(Central Intelligence

32 % Agency, 2013)

33

34 % answers = [6.3 44.4 30.3 10.5 58 72.4 18.9 20.3]; these ...

are the answers

35 % used in Vul & Pashler (2008) (see first colomn Table 3)

36

37 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

38 % compute MSE, descriptive statistics and plot data

39 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

40

41 %% sets are 1: immediate, 2: delayed

42

43 for set = [1:2]

44 [si sj] = size(data{set});

45 grp(set).n=si;

46 % guess 1

47 grp(set).g{1} = data{set}(:,[1:8]);

48 % guess 2

49 grp(set).g{2} = data{set}(:,[9:16]);

50 % average of guesses

51 grp(set).g{3} = (grp(set).g{1}+grp(set).g{2})./2;

52

53 for g = [1:3]

54 bigans = repmat(answers, grp(set).n, 1);
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55 % mean squared error

56 grp(set).d{g} = nanmean((grp(set).g{g}-bigans).ˆ2,2);

57 grp(set).mumse(g) = nanmean(grp(set).d{g});

58 grp(set).semse(g) = ...

nanstd(grp(set).d{g})./sqrt(grp(set).n);

59 end

60 end

61

62 % descriptive statistics

63 for set = [1:2]

64 grp(set).sdmse = grp(set).semse.*sqrt(grp(set).n);

65 for g=[1:2]

66 grp(set).corr{g}=corr(grp(set).d{g}, grp(set).d{3});

67 grp(set).mudiff{g} = mean(grp(set).d{g} - ...

grp(set).d{3});

68 grp(set).sddiff{g} = std(grp(set).d{g} - ...

grp(set).d{3});

69 end

70 end

71

72 %% graph of mean MSE guess 1, guess2, average guess

73 figure();

74 barweb([grp(1).mumse; grp(2).mumse], [grp(1).semse; ...

grp(2).semse], [],{'Immediate'; 'Delayed '},[],[],'Mean ...

Squared Error',[0 0 0; 1 1 1; .5 .5 .5],[],{'Guess 1'; ...

'Guess 2'; 'Average'},'WestEast');

75 ylim([0 850]);

76 legend({'Guess 1'; 'Guess 2'; ...

'Average'},'Location','Northeast')

77

78 % scatter histogram plots

79 figure();

80 scatterhist(grp(1).d{1},grp(1).d{2}, 'Location', ...

'NorthEast', 'Direction', 'Out', 'Color', 'k')

81 xlabel('MSE guess 1', 'FontSize', 12)

82 ylabel('MSE guess 2', 'FontSize', 12)
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83 figure

84 scatterhist(grp(2).d{1}, grp(2).d{2}, 'Location', ...

'NorthEast', 'Direction', 'Out', 'Color', 'k')

85 xlabel('MSE guess 1', 'FontSize', 12)

86 ylabel('MSE guess 2', 'FontSize', 12)

87

88

89 %%%%%%%%%%%%%%%%%%%

90 % inferential tests

91 %%%%%%%%%%%%%%%%%%%

92

93 alpha=.05;

94

95 %% comparisons between guess and average and between guess ...

1 and guess 2

96

97 for set = [1:2]

98 % guess 1 or guess 2 compared to average.

99 for g = [1:2]

100 % ttest

101 [h p ci stats] = ttest(grp(set).d{g} - grp(set).d{3});

102 grp(set).t{g} = stats.tstat;

103 grp(set).df{g} = stats.df;

104 grp(set).p{g} = p;

105 % effect size

106 grp(set).dz{g} = grp(set).t{g}/sqrt(grp(set).n);

107 % confidence interval (see Cumming and Finch (2001, pp. ...

549-550))

108 df = grp(set).df{g};

109 tnonct = inline('nctcdf(x,df,delta) - pr');

110 ncp low = fzero(@(delta) tnonct(delta, df, 1-alpha/2, ...

grp(set).t{g}), [-20,20]);

111 ncp high = fzero(@(delta) tnonct(delta, df, alpha/2, ...

grp(set).t{g}), [-20,20]);

112 grp(set).dzlow{g} = ncp low/sqrt(grp(set).n);

113 grp(set).dzhigh{g} = ncp high/sqrt(grp(set).n);
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114 end

115

116 % guess 1 compared to guess 2.

117 % ttest

118 [h p ci stats] = ttest(grp(set).d{1} - grp(set).d{2});

119 grp(set).t{3} = stats.tstat;

120 grp(set).df{3} = stats.df;

121 grp(set).p{3} = p;

122 % effect size

123 grp(set).dz{3} = grp(set).t{3}/sqrt(grp(set).n);

124 % confidence interval

125 df = grp(set).df{3};

126 tnonct = inline('nctcdf(x,df,delta) - pr');

127 ncp low = fzero(@(delta) tnonct(delta, df, 1-alpha/2, ...

grp(set).t{3}), [-20,20]);

128 ncp high = fzero(@(delta) tnonct(delta, df, alpha/2, ...

grp(set).t{3}), [-20,20]);

129 grp(set).dzlow{3} = ncp low/sqrt(grp(set).n);

130 grp(set).dzhigh{3} = ncp high/sqrt(grp(set).n);

131 end

132

133

134 %% comparison of magnitude of averaging benefit over guess ...

1 between immediate and delayed condtion.

135 % ttest

136 [h p ci stats] = ttest2(grp(2).d{1} - grp(2).d{3}, ...

grp(1).d{1} - grp(1).d{3});

137 grpcmp.t{1} = stats.tstat;

138 grpcmp.df{1} = stats.df;

139 grpcmp.p{1} = p;

140 % effect size (cohen's standardized mean difference d for ...

independent groups; see Cumming and Finch (2001, pp. 567)

141 grpcmp.d{1} = grpcmp.t{1}.*sqrt((1/grp(1).n)+(1/grp(2).n));

142 % confidence interval (see Cumming and Finch (2001, pp. 567))

143 df = grpcmp.df{1};

144 tnonct = inline('nctcdf(x,df,delta) - pr');
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145 ncp low = fzero(@(delta) tnonct(delta, df, 1-alpha/2, ...

grpcmp.t{1}), [-20,20]);

146 ncp high = fzero(@(delta) tnonct(delta, df, alpha/2, ...

grpcmp.t{1}), [-20,20]);

147 grpcmp.dlow{1} = ncp low.*sqrt((1/grp(1).n)+(1/grp(2).n));

148 grpcmp.dhigh{1} = ncp high.*sqrt((1/grp(1).n)+(1/grp(2).n));



38 Chapter 1



Chapter 2

Increasing transparency through a multi-

verse analysis

Introduction

Psychology has been stirred by dramatic revelations of questionable research

practices (John et al., 2012), implausible findings (Wagenmakers et al.,

2011), and low reproducibility (Open Science Collaboration, 2015; Yong,

2012). The resulting crisis of confidence has led to a wide array of rec-

ommendations for improving research practices. Commonly cited advice

includes replication, high power, co-piloting, adjusting the alpha level, fo-

cusing on estimation rather than on testing, and adopting Bayesian statistics

(e.g., Asendorpf et al., 2013; Bakker, van Dijk, & Wicherts, 2012; Johnson,

2013; Wagenmakers et al., 2011). A major class of recommendations involves

a call for increased transparency in reporting, including preregistration of

hypotheses and analyses, clearly distinguishing between confirmatory and

exploratory findings, disclosing all conditions and measures, sharing data,

and sharing research materials (e.g., Chambers, 2013; LeBel, Campbell, &

Loving, in press; Morey et al., 2016; Nosek & Bar-Anan, 2012; Nosek et al.,

2015; Simmons et al., 2012; Wagenmakers et al., 2012). In this chapter, we

use a worked example to suggest that research transparency can further be

39
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increased by performing what we term a multiverse analysis.

A multiverse analysis starts from the observation that data used in an

analysis are usually not just passively recorded in an experiment or an ob-

servational study. Rather, data are to a certain extent actively constructed.

Data construction occurs when the raw data are converted into a form ready

for analysis. When preparing their data for analysis, researchers often take

several processing steps, such as discretization of variables into categories,

combination of variables, transformation of variables, data exclusion, and so

on. These processing steps typically come with many researcher degrees of

freedom (Simmons et al., 2011), as there are often several options in each

step. As a result, raw data do not uniquely give rise to a single data set for

analysis, but rather to multiple alternatively processed data sets, depending

on the specific combination of choices—a many worlds or multiverse of data

sets. As each data set in this data multiverse can lead to a different statis-

tical result, the data multiverse directly implies a multiverse of statistical

results.

Researchers often select a single (or a few) data-processing choices and

then present this as the only analysis that ever would have been done. This

practice of selective reporting would not be problematic if the single data

set under consideration is processed based on sound and justifiable choices.

However, choosing among the possibilities during data processing is often ar-

bitrary, and justifications for the choices are typically lacking. For example,

partitioning a variable into two or more discrete categories often involves

an arbitrary split point, there can be various reasonable combinations or

transformations of variables, and there are different sensible guidelines to

determine which data points to exclude. This multiplicity of reasonable

processing steps gives rise to a multiverse of reasonable data sets, which

directly implies that there are several reasonable statistical results. Any

arbitrariness that is present in the data construction is inherited by the
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statistical result.

When privileging a single arbitrary data set from the multiverse of pos-

sible data sets, the multiverse of statistical results is ignored. The inevitable

arbitrariness in the data and the sensitivity of the result is hidden to the

readers, which makes the interpretation of the single result hard at best and

impossible at worst. In the light of this problem of selective reporting, we

propose to use a multiverse analysis as an alternative to a single data set

analysis. Such a multiverse analysis has two goals: It enhances transparency

by providing a detailed picture of the robustness or fragility of statistical

results, and it helps identifying the key choices that conclusions hinge on.

A multiverse analysis involves performing the analysis of interest across

the whole set of data sets that arise from different reasonable choices for data

processing. It can be seen as a systematic and organized extension of outlier

analysis (see, e.g., Ramsey & Schafer, 2012; Simmons et al., 2011), which

involves examining the robustness of one’s conclusions with and without

the elimination of outlying observations. A multiverse analysis displays

the stability or robustness of an effect, not only across different options for

exclusion criteria, but across different options for all steps in data processing.

It is closely related to the idea of a garden of forking paths in data analysis

(Gelman & Loken, 2014), which highlights that the one-to-many mapping

from scientific theories to statistical hypotheses typically leads to an implicit,

potential multiple comparison problem. The multiverse analysis focuses

on one particular aspect of this multiple comparison issue, related to data

processing.

In the remainder of this chapter, we demonstrate a multiverse analysis

using data from recently published research. We first describe the results of

an analysis focusing on a single constructed data set only. Next, we describe

a multiverse analysis based on the same raw data and highlight how the

multiverse analysis reveals the impact of arbitrary processing choices on the
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statistical results.

Demonstration

Our demonstration of a multiverse analysis focuses on data collected by

Durante, Rae, and Griskevicius (2013). These authors conducted two studies

investigating the effect of fertility on religiosity and political attitudes. We

selected this paper simply to illustrate how a multiverse analysis can help

researchers better understand the extent to which their results depend on

various data processing choices. First, we describe the raw data that were

collected in both studies. Next, we describe the single data set analysis

reported by Durante et al. (2013). Finally, we show what these authors

could have found, had they performed a multiverse analysis of their data

rather than the single data set analysis. A more detailed description of the

raw and processed data is provided in the Appendix.

Data collection

A total of 275 women participated in Study 1. Each participant was asked to

answer three religiosity items using a 9-point scale. Further, each participant

was asked to indicate the typical length of her menstrual cycle, the start date

of her last menstrual period, and the start date of her previous menstrual

period. In addition, each woman indicated how sure she was about these two

start dates, using a 9-point scale. Finally, each woman was asked to indicate

her current romantic relationship status, with the following four response

options: (1) not dating/romantically involved with anyone, (2) dating or

involved with only one partner, (3) engaged or living with my partner, and

(4) married.

Quite laudably, Durante et al. (2013) performed a second study to repli-

cate the findings in Study 1, and to extend them to political attitudes. In
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Study 2, 502 women participated. The main difference with Study 1 was

that participants were also asked to answer five items assessing fiscal polit-

ical attitudes, five items assessing social political attitudes (using a 7-point

scale for these ten items), one item assessing their voting preference (Mitt

Romney or Barack Obama), and one item assessing their campaign dona-

tion preference (Mitt Romney or Barack Obama). Another difference with

Study 1 was that participants also indicated the expected start date of their

next menstrual period.

Single data set analysis

The data collected in the procedure described above are not ready for analy-

sis yet. Preparing the data set for analysis requires several processing steps

and decisions. We describe the different data processing steps taken by

Durante et al. (2013) to construct a single data set for each study, and the

main results and conclusions that follow from this data set. The results of

these single data set analyses are identical to the ones reported by Durante

et al. (2013).

Constructing the single data set

In order to construct a single data set ready for analysis, the following data

processing steps are taken.

Religiosity The three religiosity items are averaged to create a religiosity

score.

Fiscal and social political attitudes The five fiscal political attitudes

items are averaged to create a fiscal political attitudes score, and the five

social political attitudes items are averaged to create a social political atti-

tudes score.
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Fertility Participants are classified in a high or low fertility group based

on their cycle day. Participants with cycle days ranging from 7 to 14 are

assigned to the high fertility group, whereas participants with cycle days

ranging from 17 to 25 are assigned to the low fertility group. A woman’s

cycle day is based on the number of days before next menstrual onset, which

in turn is based on cycle length, which is computed as the difference between

the start date of the woman’s last menstrual period and the start date of

the woman’s previous menstrual period.

Relationship status Participants are assigned to a single versus com-

mitted relationship group. Women who selected response Option (1) or (2)

on the relationship status item are assigned to the group of single women,

whereas women who selected response Option (3) or (4) are assigned to the

group of women in committed relationships.

Exclusion criteria The assignment of the participants to a high or low

fertility group automatically excludes women whose cycle days are not in

the high or low fertility range. Beyond this exclusion, no other participants

are excluded.

Deriving the single statistical result

Based on this single data set, the effect of fertility on religiosity and polit-

ical attitudes is examined, with relationship status as an interacting vari-

able. For religiosity, an ANOVA reveals a Fertility × Relationship status

interaction, in both studies — F (1, 159) = 6.46, p = 0.012, in Study 1;

F (1, 299) = 8.21, p = 0.004 Study 2 —, indicating that single women re-

ported less religiosity if they were in the high-fertility group than if they were

in the low-fertility group, whereas women in relationships reported more reli-

giosity if they were in the high-fertility group than in the low-fertility group.

Regarding fiscal political attitudes, an ANOVA reveals no significant effects
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of fertility status. Regarding social political attitudes, a Fertility × Rela-

tionship status interaction is found, F (1, 299) = 12.26, p = .001, indicating

that single women reported less socially conservative attitudes if they were in

the high-fertility group than if they were in the low-fertility group, whereas

women in relationships showed the opposite pattern. Finally, logistic regres-

sion reveals a significant Fertility × Relationship status interaction both for

voting preferences, b = −1.62, Wald(1) = 8.35, p = .004, and donation pref-

erences, b = −1.71, Wald(1) = 9.30, p = .002, indicating that single women

were more likely to vote and donate for Obama if they were in the high-

fertility group than if they were in the low-fertility group, whereas women

in relationships were more likely to vote and donate for Romney if they were

in the high-fertility group than if they were in the low-fertility group.

Multiverse analysis

The different data processing steps in the single data set analysis are far from

the only reasonable ones (see also Harris, Pashler, & Mickes, 2014). This

means that the data set used in the single data set analysis corresponds to

just a single data set in a much larger multiverse of data sets. More impor-

tantly, this also means that the statistical result based on the single data

set reflects only one possible outcome in a multiverse of possible outcomes.

Without knowing which other statistical results could have reasonably be

observed, it is impossible to evaluate the robustness of the finding. Trans-

parency could be increased by performing, for each research question, the

same analysis for all possible data sets, defined by the reasonable choices for

data processing. This is the multiverse analysis.

We will first construct the multiverse of data sets, which consists of all

data sets that could be obtained by combining different reasonable data

processing choices. Then, we analyze each data set in this data multiverse

separately, leading to the multiverse of statistical results. In this multiverse
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analysis, we consider choices in data processing that Durante et al. (2013)

might themselves have considered had they performed a multiverse analy-

sis rather than a single data set analysis. To increase the likelihood that

these authors would have considered these choices reasonable, the different

processing choices we use are based on previously published studies by Du-

rante and her collaborators, where possible. In the same spirit, we followed

Durante et al. (2013) in dichotomizing the relationship status and fertil-

ity variables, although the practice dichotomization is not without criticism

(e.g., MacCallum, Zhang, Preacher, & Rucker, 2002).1 Further, the vicari-

ous character of our multiverse analysis implies that for the construction of

the multiverse of results, we will adopt the statistical analyses that were used

by Durante et al. (2013), including the focus on p-values and the adoption

of .05 as the significance level. We stress that this is only a hypothetical

illustration of a multiverse analysis. Our multiverse is only a subset of a

larger multiverse of possible data processing choices, and we can not rule

out that Durante et al.’s (2013) actual multiverse might have been different.

Constructing the data multiverse

The first step involves listing the different reasonable choices during each

step of data processing. Box 1 summarizes five arbitrary choices in data

processing, both in Study 1 and 2, and the different reasonable options we

will consider for each arbitrary choice. Option (a) always corresponds to

the processing choice made by Durante et al. (2013), while the remaining

options correspond to alternative choices they could have reasonably made.

In the following sections, we describe the alternative options in detail.

1For one of the six analyses of interest, Durante et al. (2013) report an additional

analysis that uses a continuous measure of fertility, conception probability, rather than

the dichotomized one, maybe inspired by these criticisms (see also Gangestad et al., 2016).

However, since the majority of their analyses uses a dichotomized assessment of fertility,

we will do so here as well.
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Box 1. Processing choices

1. Assessment of fertility (F) (high vs low)

(a) F1: high = cycle days 7–14; low = cycle days 17–25

(b) F2: high = cycle days 6–14; low = cycle days 17–27

(c) F3: high = cycle days 9–17; low = cycle days 18–25

(d) F4: high = cycle days 8–14; low = cycle days 1–7 and 15–28

(e) F5: high = cycle days 9–17; low = cycle days 1–8 and 18–28

2. Next menstrual onset (NMO)

(a) NMO1: reported start date previous menstrual onset + computed cycle

length

(b) NMO2: reported start date previous menstrual onset + reported cycle

length

(c) NMO3: reported estimate of next menstrual onset

3. Assessment of relationship status (R) (single vs relationship)

(a) R1: single = response options 1 and 2; relationship = response options 3

and 4

(b) R2: single = response option 1; relationship = response options 2, 3, and 4

(c) R3: single = response option 1; relationship = response options 3 and 4

4. Exclusion of women based on cycle length (ECL)

(a) ECL1: no exclusion based on cycle length

(b) ECL2: exclusion of participants with computed cycle length < 25 or > 35

days

(c) ECL3: exclusion of participants with reported cycle length < 25 or > 35

days

5. Exclusion of women based on certainty ratings of start dates of two previous

menstrual periods (EC)

(a) EC1: no exclusion based on certainty ratings

(b) EC2: exclusion of participants who are not certain about at least one start

date (i.e., sure < 6)
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Fertility First, the classification of women into a high or low fertility

group based on cycle day can be done using several reasonable alternatives:

assigning women with cycle days 6–14 to the high fertility group and women

with cycle days 17–27 to the low fertility group (e.g., Durante, Griskevicius,

Hill, Perilloux, & Li, 2011), days 9–17 for high fertility and 18–25 for low

fertility (Durante, Griskevicius, Simpson, Cantú, & Li, 2012), days 8–14

for high fertility and 1–7 and 15–28 for low fertility (Durante, Griskevicius,

Cantú, & Simpson, 2014), and days 9–17 for high fertility and 1–8 and 18–28

for low fertility (Durante & Arsena, 2015).

Second, there are different reasonable alternatives for estimating a woman’s

next menstrual onset, which is an intermediate step in determining cycle

day. A reasonable way to estimate next menstrual onset involves using the

women’s reported estimate of their typical cycle length (e.g., Thornhill &

Gangestad, 1999). Another reasonable strategy for determining the onset of

the next period involves using the self-reported expected start date of the

next menstrual period (e.g., Haselton & Miller, 2006).2

Relationship status There are at least two reasonable alternative op-

tions to the dichotomization of women’s relationship status, stemming from

the ambiguous nature of response Option 2 (dating or involved with only one

partner). This option can cover both single women (dating) or women in

relationships (involved with only one partner). Thus, women who select this

response could reasonably be classified as being either in committed rela-

tionships or as being single. A third option involves discarding participants

who select this ambiguous response option, and only classifying participants

selecting Option 1 as single women and participants selecting Option 3 or 4

as women in relationships.

2The fact that typical cycle length and the expected start date of the next period

were collected by Durante et al. (2013) suggests that they considered this option at least

somewhat reasonable.
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Exclusion criteria First, it is not unreasonable to exclude participants

with irregular cycle lengths. This could amount to only including women

with cycle lengths 25 to 35 (e.g., Durante et al., 2012). This exclusion

criterion can be instantiated in two reasonable ways, using either a woman’s

computed cycle length or a woman’s self-reported typical cycle length.

Second, another justifiable exclusion criterion concerns women’s reported

certainty ratings of the start dates of their last two menstrual periods. It is

reasonable to exclude participants who were not sufficiently confident about

their report, and to consider only data from participants with a certainty

rating above the midpoint for both dates (e.g., Durante, Arsena, & Griske-

vicius, 2014).

Based on this tabulation of choices, the multiverse of data sets is con-

structed by considering all combinations of reasonable choices in data pro-

cessing, and deriving a data set for each of the different choice combina-

tions. In Study 1, there are 5 × 2 × 3 × 3 × 2 = 180 choice combina-

tions (see Box 1; NMO3, the estimation of next menstrual onset based on

the reported estimate, could not be applied to Study 1, as the expected

start date of the next menstrual period was not collected in this study).

Some of the choice combinations are inconsistent: When participants are

excluded based on reported or computed cycle length, we do not consider

next menstrual onset based on computed or reported cycle length, respec-

tively. After excluding these inconsistent combinations, we are left with

180− 2× (5× 1× 3× 1× 2) = 120 choice combinations. Similarly, in Study

2, there are 5 × 3 × 3 × 3 × 2 = 270 choice combinations, but after exclud-

ing inconsistent combinations, 270 − 2 × (5 × 1 × 3 × 1 × 2) = 210 choice

combinations remain.
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Deriving the multiverse of statistical results

After constructing the data multiverse, the analysis of interest (in this case,

an ANOVA or a logistic regression) is performed across all the alternatively

constructed data sets.3 The results are shown in Panels A-F of Figure 2.1,

each showing a histogram of the p-values of the Fertility × Relationship

interaction effect.

For two variables —religiosity in Study 1 (Panel A) and fiscal political

attitudes (Panel C) — the multiverse analysis reveals a near-uniform distri-

bution, indicating that the p-value for the interaction effect between fertility

and relationship varies widely across the multiverse. For religiosity, seven

out of the 120 choice combinations lead to a significant interaction effect,

whereas the remaining 94% lead to p-values ranging from .05 to 1.0. For

fiscal political attitudes, 8% of the 210 choice combinations lead to a signif-

icant interaction (p < .05), whereas the remaining choice combinations lead

to p-values across the entire range from .05 to 1.0.

For the remaining four variables, roughly half of the choice combinations

lead to a significant interaction effect. In particular, for religiosity in Study

2 (Panel B), 88 out of the 210 choice combinations (42%) lead to a p-value

smaller than .05. Regarding social political attitudes (Panel D), 49% of

the p-values is smaller than .05. Finally, 46% and 57% of the p-values are

smaller than .05 for voting (Panel E) and donation (Panel F) preferences,

respectively. In these cases, it is informative to display the multiverse in

greater detail by showing which constellation of choices corresponds to which

statistical result. This allows to identify the key choices in data processing

that are most consequential in the fluctuation of the statistical results.

Such a closer inspection is provided in Figure 2.2, showing a grid of p-

values for each of these four variables. In each panel, the cells show the

3Due to coding errors in the data, there were some missing data (see Appendix). In

our analyses, incomplete cases are discarded.
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Figure 2.1: Histogram of p-values for the Fertility x Relationship status interaction

effect on religiosity for the multiverse of 120 data sets in Study 1 and 210 data sets in

Study 2 (Panels A and B), on fiscal and social political attitudes for the multiverse of

210 data sets in Study 2 (Panels C and D), and on voting and donation preferences

for the multiverse of 210 data sets in Study 2 (Panels E and F). The dashed line

indicates p = .05.
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different p-values that can be obtained across all choice combinations for

data processing. Depending on whether the p-value is smaller or larger than

the α-level, the cells are colored gray or white, respectively.

For religiosity in Study 2 (Panel A), most data sets constructed under

the second option for relationship assessment (R2) yield a non-significant

interaction effect. The first and third options (R1 and R3) consistently lead

to a significant interaction effect in combination with the first and second

option for fertility assessment (F1 and F2) and to a non-significant inter-

action effect in combination with F5, whereas data sets constructed under

R1 or R3 in combination with F3 or F4 lead to more fluctuating conclu-

sions, depending on the other choices for data processing. The different

exclusion criteria and cycle day estimation options do not seem to have a

large impact on fluctuation in the statistical conclusion. For social political

attitudes (Panel B), the statistical conclusion is highly robust for the first

and second option for relationship status assessment (significant for R1 and

non-significant for R2). Using the third option for relationship status assess-

ment (R3) leads to more fluctuation, depending on the choices for the other

processing steps. Finally, for voting and donation preferences (Panels C

and D, respectively), it is hard to extract a consistent pattern of fluctuation

across the different choice combinations. It seems that all arbitrary choices

for data processing can have an impact on whether the obtained data set

will lead to a significant or a non-significant outcome.

Discussion

Converting a set of observations into a data set that is suitable for statis-

tical analysis usually requires active data construction. If there are strong

grounds to justify the necessary processing steps, the raw observations uniquely

translate into a single data set for analysis. In many cases, however, the

intermediate processing steps involve arbitrary or, as Leamer (1983) calls
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Figure 2.2: Visualization of the multiverse of p-values of the fertility × relation-

ship status interaction on religiosity (Panel A), on social political attitudes (Panel

B), on voting preferences (Panel C) and on donation preferences (Panel D) in Study

2, showing the dependence of the results on data processing choices. See Box 1 for

an explanation of the acronyms.
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them, whimsical, choices, so that the single set of observations does not

uniquely lead to a single data set. Rather, it spawns a multiverse of data

sets, and thus does not admit a unique conclusion. Yet, researchers often

analyze, or at least report, only one (or a few) data sets that are the result

of one (or a few) outcomes of this chain of arbitrary choices. To the extent

their single data set is based on arbitrary processing choices, their statis-

tical result is arbitrary. We suggest that, if several processing choices are

defensible, researchers should perform a multiverse analysis instead of a sin-

gle data set analysis. This involves considering all different reasonable data

sets, except those arising under inconsistent choice combinations. A multi-

verse analysis is a way to avoid or at least reduce the problem of selective

reporting, by making the fragility or robustness of the results transparent,

and helps the identification of the most consequential choices.

In our demonstration, we started from a single set of raw data and

performed both a single data set analysis as well as a multiverse analysis.

Comparison of both types of analysis highlights the dramatic impact of going

beyond an N = 1 sample from the multiverse. For religiosity in Study 1,

the arbitrary data processing choices made in the single data set analysis

led to a significant result. Placing this significant result in the multiverse

of statistical results illustrates the risk of running a single data set analysis.

The multiverse analysis revealed that almost all choice combinations for data

processing lead to large p-values. As such non-significant findings in general

represent nothing more than uncertainty, this pattern of results clearly raises

serious questions regarding the finding on the effect of fertility found in the

single data set analysis, and should make a researcher hesitant to trust the

single data set finding. The effect of fertility on religion seems too sensitive

to arbitrary choices and thus too fragile to be taken seriously.

For most other variables, there was considerable ambiguity: The in-

teraction seemed to be significant across about half of the arbitrary choice
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combinations. In these cases, the conclusion on the effect of fertility strongly

depends on the evaluation of the different processing options. Both the au-

thors performing the multiverse analysis, and the readers of the research

can construct arguments in favor or against certain choices, and the valid-

ity of these arguments will help drawing the conclusion. For example, if

additional information suggests that the fifth option of assessing fertility is

clearly superior, then Panel A of Figure 2.2 indicates that there is little ev-

idence for an effect of fertility on religiosity in Study 2. On the other hand,

if additional information suggests that the second option of assessing fertil-

ity is clearly superior, then most choice combinations lead to a significant

interaction effect.

If no strong arguments can be made for certain choices, we are left with

many branches of the multiverse that have large p-values. In these cases, the

only reasonable conclusion on the effect of fertility is that there is consider-

able scientific uncertainty. One should reserve judgment and acknowledge

that the data are not strong enough to draw a conclusion on the effect of

fertility. The real conclusion of the multiverse analysis is that there is a

gaping hole in theory or in measurement, and that researchers interested in

studying the effect of fertility should work hard to deflate the multiverse.

The multiverse analysis gives useful directions in this regard.

In general, deflating the multiverse involves developing a better and more

complete theorizing of the constructs involved, and improving their mea-

surement. Both routes for deflating the multiverse are illustrated in our

case study. A first approach involves improving the experimental material

and design. For example, the detailed multiverse examination shown in

Figure 2.2 revealed that a lot of fluctuation hinged on the different choices

for relationship status assessment. Thus, apparently, this type of research

could benefit from a better way of assessing relationship status. Looking

at the alternative options for assessing relationship status, it seems that
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the ambiguous response Option 2 in the relationship status question could

be formulated more precisely, so that relationship status assessment is no

longer an arbitrary choice. This would have narrowed down the multiverses

to 40 and 70 choice combinations in Study 1 and 2, respectively.

A second approach for deflating the multiverse involves developing more

complete and more precise theory, in such a way that some options are theo-

retically superior than others, and it should be preferred when constructing

data sets. For example, a great deal of variation in the results appeared to

be driven by the different options for assessing fertility. Clearly, for this type

of research, developing and applying a more precise way of assessing fertility

should become a research priority. The availability of different reasonable

options for estimating next menstrual onset or for classifying women into

a high or low fertility group, based on their cycle day, stems from the fact

that a precise theoretical foundation is lacking (Harris, 2013). The develop-

ment of elaborated theories concerning these issues would narrow down the

number of alternative options and deflate fluctuation. Recently, Gangestad

et al. (2016) have recommended assessing fertility based on the detection of

surges in luteinizing hormone, ideally in a within-subjects design. It is of

note that this alternative strategy of assessing fertility was used in several

papers by Durante (e.g., Durante et al., 2011, 2012).

Preregistration (e.g., Chambers, 2013; Wagenmakers et al., 2012) or

blind analysis (e.g., MacCoun & Perlmutter, 2015) are not useful strate-

gies for deflating the multiverse. By preregistering a study, all analytical

choices—including the arbitrary ones—are made ahead of time, before col-

lecting the data. Similarly, in a blind analysis, all analytical choices are

made using a data set with temporarily removed data labels. The appeal

of both strategies is that the choices cannot be made conditional on the

(real) data. However, the considered results are still just the results given

one choice combination, albeit preregistered or blindly made, and their ro-
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bustness across other reasonable choice alternatives remains hidden from

view. Thus, pre-registration or blind analysis do not preclude a multiverse

analysis, as they do not annihilate the arbitrariness in data preparation.

As is evident from our demonstration, a multiverse analysis is highly

context-specific and inherently subjective. Listing the alternative options

for data construction requires judgement about which options can be con-

sidered reasonable and will typically depend on the experimental design,

the research question and the researchers performing the research. Whereas

this subjectivity may seem undesirable, presenting results given only a single

combination of reasonable options is much more misleading; indeed one of

the sources of the current crisis in scientific replication is that researchers

traditionally have taken p-values at face value without considering the mul-

tiplicity of choices in data construction.

A related point is that not all options are necessarily exactly interchange-

able. Some options might seem better than others, at least for some re-

searchers. If such is the case, this knowledge can be used to construct

arguments for interpreting results such as those shown in Figure 2.2. How-

ever, a multiverse analysis should involve all plausible construction alter-

natives, not just the most plausible ones. Only when one choice is clearly

and unambiguously the most appropriate one, variation across this choice is

uninformative.

The richness of possibilities for different data processing choices present

in the raw data made the case study exceptionally suitable for the demon-

stration of a multiverse analysis. We do not expect that all multiverses will

consist of such a numerous amount of data sets. The fact that more typical

multiverses will tend to be smaller does not make a multiverse analysis less

necessary. Even when confronted with only one arbitrary data processing

choice, researchers should be transparent about it and reveal the sensitivity

of the result to this choice.
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We aimed to show the multiverse analysis we think Durante et al. (2013)

could have done, instead of their single data set analysis. As their single

data set analysis used p-values, our demonstration of the multiverse analysis

did too. There is, however, nothing inherently special about p-values from

a multiverse perspective. Increasing the transparency in reporting through

a multiverse analysis is valuable, regardless of the inferential framework

(frequentist or Bayesian), and regardless of the specific way uncertainty

is quantified: a p-value, an effect size, a confidence (Cumming, 2013) or

credibility (Kruschke, 2010) interval or a Bayes factor (Morey & Rouder,

2011).

The primary goal of a multiverse analysis is to enhance research trans-

parency. Unlike, for example, a p-curve analysis (Simonsohn, Nelson, &

Simmons, 2014), it is not a formal test of questionable research practices

such as selective reporting, or a method to estimate the strength of the evi-

dence for an effect. The multiverse analysis does not produce a single value

summarizing the evidential value of the data, nor does it imply a threshold

for an effect to reach to be declared robustly significant. Nevertheless, one

might try to summarize the multiverse analysis more formally. One reason-

able first step is to simply average the p-values in the multiverse, in this case

averaging all the numbers displayed in Figure 2.1 or 2.2. This mean value

can be considered as the p-value of a hypothetical preregistered study with

conditions chosen at random among the possibilities in the multiverse and

seems like a fair measurement in a setting where all of the possible data-

processing choices seem plausible (as in the example presented here, where

the different options are drawn from other papers in the relevant literature).

We have focused on the multiverse of statistical results originating from

the data multiverse (i.e., the different reasonable choices in data processing).

We have ignored arbitrary choices occurring at the level of statistical models

used in data analysis. Choices at the model level include choosing among
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different statistical approaches (e.g., a repeated-measures ANOVA or a hier-

archical linear model), focusing on main effects or interactions, approximat-

ing errors normally, assuming random effects, assuming homoscedasticity,

assuming linearity, choosing between a parametric and a non-parametric

approach, and so on. One specific analysis thus corresponds to a single sam-

ple from a model multiverse. If the choice for a single model specification out

of the model multiverse cannot be justified, a model multiverse analysis can

be performed to reveal the effect of this arbitrary choice on the statistical

result.

A compelling example of such a model multiverse is provided in Patel,

Burford, and Ioannidis (2015), focusing on the choices in deciding which

predictors and covariates to include. Such a model multiverse analysis is

related to perturbation analysis (Geisser, 1993) and to sensitivity analysis

in economics (e.g., Leamer, 1985) and in Bayesian statistics (e.g., Kass &

Raftery, 1995), all of which involve investigating the influence of arbitrary

modeling assumptions on the results, such as using a normal error distribu-

tion or a t-distribution, the inclusion of different variables, or using different

reasonable priors. In a more complete analysis, the multiverse of data sets

could be crossed with the multiverse of models to further reveal the multi-

verse of statistical results. Thus, the multiverse analysis as demonstrated

here is a minimal attempt at establishing a range of analyses consistent

with a research hypothesis. To the extent that there are arbitrary choices

not only in data preparation but also in data analysis or model choice,

this motivates encompassing analyses of multiple predictors, interactions,

or outcomes in a hierarchical model so as to reduce problems of multiple

comparisons (Gelman, Hill, & Yajima, 2012).

Our demonstration of the multiverse analysis should serve as a caution-

ary tale. We hope it raises awareness that, in the light of the multiverse of

statistical results, isolating a single statistical result stemming from a chain
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of arbitrary choices can be highly misleading. Readers of research need to

get a sense of the sensitivity of conclusions to arbitrary decisions in data

preparation, and thus of the fragility or robustness of a claimed effect. We

believe that it should become standard practice to go beyond a single data

set analysis and to acknowledge the multiverse of statistical results. Admit-

tedly, performing a multiverse analysis will often be difficult, and to a large

extent subjective, but that does not change the fact that it is a necessary

step for increasing transparency.
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Appendix

For the demonstration of the multiverse analysis in this chapter, we focused

on Study 1 and Study 2 from Durante et al. (2013). Kristina Durante kindly

provided the raw data, which were collected with a survey, the processed

data, and the research materials (i.e., the survey questions), and gave us

the permission to make them publicly available. The data (and the code)

can be found on https://osf.io/zj68b/. In the following, we will give a

description of these files.

Our single data set analysis used the same processing choices as Durante

et al. (2013). Note that Durante et al. (2013) write that women in both

studies had regular monthly menstrual cycles (25–35 days), suggesting that

they excluded women with cycle lengths shorter than 25 or longer than 35

days. However, looking at the data file, it seems that they did not exclude

participants based on this criterion. When we do not exclude these women,

our single data set analysis arrives at the exact same results as theirs.

Raw Data

Study 1

� WorkerID. ID of participant

� Answers to religiosity items. For items 2 and 3: “Please indicate how

much you agree with the following statement”.

– Rel1: “How much do you believe in God?” 1– 9

– Rel2: “I see myself as a religiously oriented person.” 1 – 9

– Rel3: “I believe that God or a Higher Power is responsible for

my existence.” 1 – 9

� Date Testing. Date of participant filling in the questionnaire.
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� Answers to questions about menstrual period. “Please use the cal-

endars to answer the following questions.” (The calendars are not

reproduced here.)

– Start Date of Last Period: “Please give your best estimate of the

date on which you started your last period (please be as precise

as possible). This date was probably within the last few weeks.

Sometimes thinking of where you were when you started your

last period helps. For instance, was it on a weekend?, were you

at work, was it during a football game?, etc. Please write the

date in mm/dd/yyyy format (e.g., 8/18/2012).”

– Sure 1: “How sure are you about that date?” 1 – 9. This variable

was included in the data file, but it was not used in Durante et

al.’s (2013) analyses.

– Start Date of Period Before Last: “Please give your best estimate

of the date on which you started the period before your last pe-

riod (please be as precise as possible). Please write the date in

mm/dd/yyyy format (e.g., 7/18/2012).”

– Sure 2: “How sure are you about that date?” 1 – 9. This variable

was included in the data file, but it was not used in Durante et

al.’s (2013) analyses.

– Cycle Length: “How many days long are your menstrual cycles?

(for most women, the range is between 25-35 days) Keep in mind

this is the number of days from the start of one menstrual period

to the start of the next menstrual period and NOT the length of

your menstrual bleeding.” This variable was included in the data

file, but it was not used in Durante et al.’s (2013) analyses.

� Relationship. “What is your current romantic relationship status?”

(1) not dating/romantically involved with anyone, (2) dating or in-
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volved with only one partner, (3) engaged or living with my partner,

(4) married, or (5) other. If participants picked response (5), they

were prompted to provide a description of their relationship, which

was subsequently coded into one of the four options by the original

authors. In the data made available to us, all (5) responses were al-

ready coded into another response option. In this sense, the data we

start from in our multiverse analysis do not fully correspond to the

raw data. Further, Durante et al. (2013) describe response Option (2)

as dating, but the materials indicate dating or involved with only one

partner was used.

� The following additional raw variables were included in the survey, but

were not used in the analysis reported by Durante et al. (2013) or in

this chapter: Age (“How old are you?”); Ethnicity (“What is your eth-

nicity?”); Income (“What is your current household income?”); Chil-

dren (“Do you have children?”); “What Country/State do you live

in?”. The responses to the last question were not included in the data

file we received.

Study 2

The raw data included the same variables as in Study 1, plus the following

variables.

� Answers to fiscal political attitudes items (“Please indicate how much

you agree with the following statements.”)

– RichTax: “The rich should pay a higher tax rate than the middle

class.” 1 – 7

– TooMuchProfit: “Business corporations make too much profit.”

1 – 7
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– StandardLiving: “Government should ensure that all citizens

meet a certain minimum standard of living.” 1 – 7

– FreeMarket: “In nearly every instance, the free market allocates

resources most efficiently.” 1 – 7

– PrivSocialSec: “Privatize Social Security.” 1 – 7

� Answers to social political attitudes items (“Please indicate how much

you agree with the following statements.”)

– Abortion: “Abortion is a women’s [sic] right.” 1 – 7

– Marriage: “Marriage is between a man and a woman.” 1 – 7

– StemCell: “Stem cell research is moral and can be useful for

science.” 1 – 7

– Marijuana: “Marijuana should be legal.” 1 – 7

– RestrictAbortion: “Laws should restrict abortion in all or most

cases.” 1 – 7

� Vote. “Imagine walking into the voting booth today. Who would you

vote for in the presidential election?” Mitt Romney (republican) –

Barack Obama (democrat)

� Donate. “For the next part of the study we will donate $1 to the

presidential campaign of your preferred candidate. Please indicate

which candidate’s campaign you would like us to donate $1 to.” Mitt

Romney — Barack Obama

� Start Date Next. The research material we received does not contain

a question about the variable. Durante et al. (2013) write that they

asked participants to indicate the expected start date of their next

menstrual period in both studies, but only the data file for Study 2

contained this variable. This variable was included in the data file,

but it was not used in Durante et al.’s (2013) analyses.
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Processed Data

Study 1

The data file we received contained the following processed variables.

� Religiosity Score. Average of Rel1, Rel2 and Rel3

� Cycle Day. Variable indicating each participant’s estimated cycle day,

ranging from 1 to 28. There was no documentation on how this variable

was calculated, but we managed to reconstruct this variable using the

following rules:

– Cycle Day = 28 minus Days Before Next Menstrual Onset (Cycle

Day < 1 = 1, Cycle Day > 28 = 28)

– Days Before Next Menstrual Onset = Next Menstrual Onset mi-

nus Date Testing

– Next Menstrual Onset = Start Date of Last Period plus Com-

puted Cycle Length

– Computed Cycle Length = Start Date of Last Period minus Start

Date of Period Before Last

� Fertility. Variable indicating each participant’s fertility (high or low)

based on Cycle Day. High = Cycle Day 7 – 14; Low = Cycle Day 17

– 25.

� Relationship Status. Variable indicating each participant’s relation-

ship status based on the raw variable Relationship. Single = response

Option (1) or (2); Married = response Option (3) or (4).

� Cycle Day Testing. There was no documentation on how this was

calculated, but we managed to reconstruct it as Date Testing minus

Start Date of Last Period plus 1. This variable was not directly used
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in Durante et al.’s (2013) analyses. It might have been used as an

intermediate step in the calculation of Cycle Day using other rules

than the ones described above.

Study 2

The processed variables in the data file were the same as in Study 1, plus

the following.

� Fiscal Political Attitudes Score: Average of FreeMarket, PrivSocialSec,

RichTax, StandaardLiving and TooMuchProfit.

Note: For some of the fiscal political attitudes items (e.g., Profit),

answers were first reversed, such that higher values indicated conser-

vatism and lower values indicated liberalism.

� Social Political Attitudes Score: Average of Marriage, RestrictAbor-

tion, Abortion, StemCell, and Marijuana.

Note: For some of the social political attitudes items (e.g., Abortion),

answers were first reversed, such that higher values indicated conser-

vatism and lower values indicated liberalism.

� ConceptionProbability: Variable indicating each participant’s concep-

tion probability based on the variable Cycle Day. This variable was

not used in the analyses that we focus on in this chapter.

� Cycle Day: For all but two participants, we managed to reconstruct

this variable using the same rules as in Study 1 (see above), after fixing

some coding errors (see below).
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Data Cleaning

Some raw variables contained obvious coding errors. For some values, it was

possible to fix the errors, whereas for others, we could not provide fixes with

reasonable confidence. In these cases, erroneous values were set to NA (not

available).

� Some values of the raw variables Start Date of Last Period, Start Date

of Period Before Last, and Start Date Next indicated the wrong year

(i.e., something else than 2012, the year in which the questionnaire

was filled out, such as 2010, 2011, 2013, 2022, 2912). In these cases,

we fixed the year to 2012.

� For one participant, the Start Date of Last Period and the Start Date

of Period Before Last were identical. In this case, we used the value

of Cycle Day to fix the Start Date of Period Before Last.

� Some values of Start Date Next were before the date of testing, and

so were obviously wrong. They were converted to NA.

� Some values of Cycle Length were unusually small (e.g., 4, 5, 6, or 7)

or unusually large (e.g., 90, 40972, or 41035). They were converted to

NA.

� Some values of Cycle Length were expressed using a range (e.g., 21-26,

about 31 days, 40+). They were converted to NA.

� For two participants, we did not manage to recover the value of Cycle

Day from the original data file. As this likely indicates a coding error

in Start Date of Last Period or Start Date of Period Before Last, these

variables were converted to NA. This means that for these two par-

ticipants, Next Menstrual Onset, and hence Cycle Day and Fertility,

could only be determined under NMO3 from Box 1 in this chapter.
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However, when Cycle Day was determined based on NMO1 from Box

1 in this chapter, we used the processed variable Cycle Day from the

original data file for the assessment of fertility to ensure that the re-

sults of our single data set analysis are identical to the single data set

analysis in Durante et al. (2013), despite these coding errors.
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Chapter 3

A theoretical note on the prior information

criterion

Introduction

In psychology, as well as in other scientific fields, statistical models are

used to describe the underlying processes of probabilistic phenomena under

study and thereby explain the regularities behind observed data. In devel-

oping such models, it is often the case that different plausible accounts are

proposed. Toward providing an objective criterion for testing competing

models, the development of model selection methods has been an important

topic of research (e.g., Claeskens & Hjort, 2008). With this goal in mind,

van de Schoot et al. (2012) proposed the prior information criterion (PIC)

as a Bayesian method for testing models under (in)equality constraints (e.g.,

whether a certain parameter is greater than, less than, or equal to a fixed

value).

For a model with parameter θ, likelihood f(y|θ) and prior p(θ), the PIC

is defined as

PIC = Ep(θ) [−2 log f(y|θ)]

= −2

∫
log (f(y|θ)) p(θ) dθ.

(3.1)

As log f(y|θ) is often used to indicate model-data fit, the PIC reflects a lack
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of fit. Selection between two models is based on the difference in their PIC

values, ∆PIC = PIC1 − PIC2:

∆PIC = −2

∫
log (f1(y|θ1)) p1(θ1) dθ1 + 2

∫
log (f2(y|θ2)) p2(θ2) dθ2.

(3.2)

A negative value of ∆PIC indicates a preference for Model 1 over Model 2,

whereas a positive value indicates a preference for Model 2 over Model 1.

As noted by van de Schoot et al. (2012), ∆PIC is closely related to

the Bayes factor (BF; Jeffreys, 1961). The Bayes factor is the ratio of two

marginal likelihoods (ML), with the ML defined as

ML = Ep(θ) [f(y|θ)]

=

∫
f(y|θ)p(θ) dθ.

(3.3)

The marginal likelihood integrates over the entire prior distribution, and

thus reflects the average fit of a model to the data, weighted by the prior

beliefs about the model parameter θ. In this chapter, we will express the

Bayes factor BF = ML1
ML2

in the following form: −2 log BF = −2 log ML1 +

2 log ML2. This way, we obtain a model selection criterion on the same

scale as the well-known likelihood-ratio test statistic or the deviance (Kass

& Raftery, 1995):

−2 log BF = −2 log

∫
f1(y|θ1)p1(θ1) dθ1 + 2 log

∫
f2(y|θ2)p2(θ2) dθ2. (3.4)

As with ∆PIC, a negative value of −2 log BF indicates that Model 1 is more

likely than Model 2, whereas a positive value indicates the opposite.

A clear commonality between the PIC and the ML is their sensitivity to

the prior. While this sensitivity is sometimes seen as a drawback, it can also

be considered an advantage. One major form of Bayesian hypothesis testing

involves specifying different priors for a given likelihood, each corresponding

to different hypotheses, and comparing the resulting models given observed

data. In this case, sensitivity to the prior is an advantage rather than a
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drawback (e.g., Vanpaemel, 2010). For example, using the PIC or the Bayes

factor, one can check whether a regression coefficient is greater than a certain

value by testing a model that incorporates such a hypothesis in the form of

a constrained prior.

Besides their similar forms, ∆PIC and −2 log BF are two distinct model

selection criteria. Their technical difference is apparent from the location

of the logarithm operator: The PIC places the logarithm inside the integral

(Equation 3.2) whereas the BF places it outside the integral (Equation 3.4).

In this chapter, we illustrate applications in which this difference leads to

very different model selection outcomes of the two criteria. In particular, we

report that the application of the PIC produces unexpected and puzzling

results, which can be explained based on its analytic forms. Further, we

present a formal relationship between the two criteria for general cases and

provide insight into their disparate behavior.

Application to Binomial Models

We investigate the behavior of the PIC and the Bayes factor in the context

of the very basic, but widely used, binomial model with a single parameter θ

representing the probability of success. In creating multiple scenarios of hy-

pothesis testing, both inequality and equality constraints on the parameter

are considered. Although the original motivation behind the PIC’s develop-

ment was to propose a method for testing inequality constrained hypotheses,

van de Schoot et al. (2012) themselves applied the PIC to test an equality

constrained hypothesis as well (e.g., Real-Life Example 1, pp. 14–15, van de

Schoot et al., 2012). Moreover, we see no rationale in the derivation of the

PIC that fundamentally precludes its application in testing equality con-

straints.
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Models and Analytic Expressions

Consider the number of successes y = 0, 1, . . . , n with the binomial proba-

bility mass function,

f(y|θ) =

(
n

y

)
θy (1− θ)n−y , (3.5)

where 0 < θ < 1 is the probability of success. We focus on four models

representing different hypotheses about θ, which are specified by different

priors for θ: an unconstrained model (M01 : 0 < θ < 1), a one-sided inequal-

ity constrained model (M0u : 0 < θ < u), a two-sided inequality constrained

model (Mlu : l < θ < u), and an equality constrained model (Mc : θ = c).

The unconstrained and inequality constrained models assume uniform dis-

tributions whose supports are defined by their hypothesized intervals. The

equality constrained model places a point mass at c (see Figure 3.1).

0.
5

1.
0

1.
5

2.
0

θ

p
(θ

)

M01 : 0 < θ < 1

0 0.5 1

(a)

θ

M0u : 0 < θ < u

0 0.5 u 1

(b)

θ

Mlu : l < θ < u

0 l 0.5 u 1

(c)

θ

Mc : θ = c

c 0.5 1

(d)

Figure 3.1: Prior distributions for θ, specifying the unconstrained model (a), one-

sided inequality constrained model (b) and two-sided inequality constrained model

(c) and equality constrained model (d).

Given these models, our analysis of the behavior of the PIC and the Bayes

factor considers three scenarios in which each of the constrained models is

tested against the unconstrained model (i.e., M0u vs. M01, Mlu vs. M01, and

Mc vs. M01). To conduct these tests, we derived analytic-form expressions of

the PIC and the ML for each model (see Appendix). These are summarized

in Table 3.1 and illustrated in Figure 3.2 in the forms of ∆PIC and −2 log BF

for each scenario. In particular, Figure 3.2 displays the behavior of ∆PIC
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and −2 log BF applied to the test of the constrained models against the

unconstrained model for every possible sample proportion y/n when n =

100. For each type of the constrained hypotheses (each row), three examples

of constraints (each column) are considered. For each method, a positive

value indicates a preference for the constrained model over the unconstrained

model, and a negative value does the opposite, as denoted on the leftmost

vertical axis.

Testing One-Sided Inequality Constrained Hypotheses

The top row of Figure 3.2 shows the values of ∆PIC and −2 log BF as a

function of observed proportions when testing a one-sided inequality con-

strained hypothesis (M0u : 0 < θ < u) against the unconstrained model

(M01 : 0 < θ < 1). As seen in the figure, in this comparison scenario, both

criteria decrease with the increasing sample proportion y/n, which makes

good sense. Both methods select M01 if high values of y/n are observed

and select M0u if low values of y/n are observed. Moreover, consistent with

what would be expected, both methods prefer M01 more often if M0u places

a more strict constraint on θ (i.e., a smaller value of u).

Despite these similarities, there are two clear differences between the

two methods. First, the trend of ∆PIC over y/n is linear whereas that of

−2 log BF is curved. The second difference concerns the point on y/n where

their values cross zero, or the decision bound, at which neither of the two

models is clearly supported by the data. Consider the case of ∆PIC first.

Analytic solutions for ∆PIC’s decision bounds for each model comparison

are listed in Table 3.2. Inspection of the table reveals that the decision

bound of ∆PIC on y/n is constant and not affected by the sample size n.

This fact provides a perspective from which to better view the behavior of

∆PIC seen in Figure 2. When M0u with u = .3 is compared against M01

(upper left panel in Figure 3.2), the decision bound of ∆PIC is approximately
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Figure 3.2: Pairwise comparison of binomial models under different hypotheses

based on the PIC and BF when n = 100. For both ∆PIC and −2 log BF, a positive

value indicates a preference for the constrained model and a negative value indicates

a preference for the unconstrained model.

Top row: Test of the one-sided inequality constrained model (M0u : 0 < θ < u)

against the unconstrained model (M01 : 0 < θ < 1).

Middle row: Test of the two-sided inequality constrained model (Mlu : l < θ < u)

against the unconstrained model (M01 : 0 < θ < 1).

Bottom row: Test of the equality constrained model (Mc : θ = c) against the uncon-

strained model (M01 : 0 < θ < 1).
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Table 3.2: Decision bounds of ∆PIC for the three pairwise comparisons. At de-

cision bounds, the analytic expressions of ∆PIC in Table 3.1 equal zero, indicating

no model preference.

M2 vs. M1 Decision bound

M0u : 0 < θ < u vs. M01 : 0 < θ < 1 − −(1−u) log(1−u)
(1−u) log(1−u)+u log(u)

Mlu : l < θ < u vs. M01 : 0 < θ < 1 − (1−l) log(1−l)−(1−u) log(1−u)
−(1−l) log(1−l)+(1−u) log(1−u)+u log(u)−l log(l)

Mc : θ = c vs. M01 : 0 < θ < 1 −1+log(1−c)
log c

1−c

.41, meaning that when the observed proportion y/n is less than .41, the

constrained model is favored. According to the closed-form expressions in

Table 3.2 (though not visible in Figure 3.2), this will be the case no matter

what the sample size n is.

The fact that the decision bound of ∆PIC is insensitive to n has a signifi-

cant implication for its behavior that is distinguished from that of −2 log BF.

Suppose that the underlying process is a binomial model whose success prob-

ability θ0 lies above the upper bound u of the constraint, but below the de-

cision bound (e.g., θ0 = .35 when u = .3). Then, it is reasonable to expect

that, once a sufficient amount of data is collected, the unconstrained model

(M01 : 0 < θ < 1) should almost surely be identified against the incorrect

constrained model (M0u : 0 < θ < u). The selection outcome of ∆PIC

contradicts this intuition: As n increases, by the central limit theorem, the

observed proportion y/n concentrates at θ0 = .35 and since this is below

the decision bound (i.e., .41), ∆PIC will incorrectly select the constrained

model. Thus, even when the truth lies only in one model and not in the al-

ternative one, the PIC can prevent one from selecting the model containing
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the truth.1

By contrast, in the same situation, −2 log BF behaves as anticipated.

This can be seen as follows. In the expression of −2 log BF for testing M0u

versus M01, shown in Table 3.1, the numerator of the fraction inside the log-

arithm (i.e., Iu(y+1, n−y+1)) is in fact p(θ < u|y), the posterior probability

of θ being less than u. Since, as per the large-sample property of Bayesian

posteriors (Schervish, 1995), the posterior distribution of θ concentrates at

the true proportion θ0 as n increases, p(θ < u|y) converges to 1 when θ0 < u

and to zero when θ0 > u. Therefore, the selection based on −2 log BF will

be consistent with the underlying process as data accumulate.

Testing Two-Sided Inequality Constrained Hypotheses

The test of a two-sided inequality constrained hypothesis (i.e., Mlu : l < θ <

u vs. M01 : 0 < θ < 1) is shown in the middle row of Figure 3.2. In this

comparison scenario, the PIC and the BF exhibit more drastic differences in

their selection behavior. Again, ∆PIC’s linear versus −2 log BF’s nonlinear

relationships to the data y/n are apparent. In this case, however, a selection

criterion’s nonlinear response to the evidence in data is vital for its outcome

to make sense: It is supposed to select M01 when the observed proportion

1One may wonder if the behavior of ∆PIC may be due to a particular specification of

the prior distribution (i.e., a uniform distribution in the current example). The decision

bound indeed depends on the prior. In fact, in the case of u = .5 under the uniform

prior, the decision bound happens to be .5, which will prevent counterintuitive selection

behavior. Even for another value of u, the decision bound can be made to avoid such

illogical selection by using a different prior (our derivation of the PIC in the Appendix

assumes a general class of beta priors). However, a proper Bayesian inference should

not require one to confine models to a particular prior specification in order to achieve

consistency in model selection. Normally, the effect of priors is overridden by a sufficient

accumulation of evidence in data. This is precisely the behavior of Bayes factors, which

has been proved for general cases (Doob, 1949; Schwartz, 1965), but, as shown in our

analysis, is not exhibited by ∆PIC.
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is sufficiently far away from the hypothesized range of Mlu (l < θ < u) by

being either small or large, and it should favor Mlu when the observation is

within or near the range.

However, ∆PIC’s selection behavior belies this intuition. When testing

Mlu : .3 < θ < .5 (leftmost panel), ∆PIC always favors Mlu no matter what

proportion is observed, even when it is very small or very large. In the case

of testing Mlu : .4 < θ < .6 (middle panel), the quantity itself of ∆PIC is

completely insensitive to the data as it is reduced to a positive constant. The

closed-form expression in Table 3.1 shows that this will always be the case

whenever u = 1− l. When Mlu : .6 < θ < .8 is tested (rightmost panel), in

which the hypothesized range shifts closer to an extreme proportion, ∆PIC

finally allows for the possibility that M01 is selected, but only when very

small proportions are observed. Still, ∆PIC does not accept any evidence

for M01 when the proportion lies beyond the other side of the constraint.

For instance, ∆PIC prefers Mlu : .6 < θ < .8 even with 100 successes out of

100 trials.

Note that, unlike in the previous comparison scenario involving one-sided

constraints, we do not need to postulate a large-sample condition in order

to see the PIC’s counterintuitive selection behavior. For the test of two-

sided inequality constraints, its illogical selection can occur for any data,

regardless of the sample size. To see this, suppose that the data-generating

process is a binomial model with θ0 located outside the interval (l, u) so that

we expect that with sufficient data M01 should almost surely be preferred

over Mlu. For example, suppose that the underlying truth is θ0 = .2 or

θ0 = .7 when Mlu : .3 < θ < .5 is tested (e.g., consider the first example in

the middle row of Figure 2). In this situation, ∆PIC, as a linear function

of y, has a decision bound beyond 1, which is the logical limit of y/n. Since

Table 3.2 shows the decision bound is not affected by n, the PIC will never

select M01, no matter what data in any size sensibly support M01.
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More generally, it is the very nature of the constraint l < θ < u, bounded

on two sides, that prevents the PIC from handling such a hypothesis prop-

erly. Whenever an inequality constraint of this type is tested, simply because

∆PIC, as a linear function of data, cannot form two decision bounds, there

always exists an underlying proportion θ0 outside the interval (l, u) that

makes it impossible for the PIC to favor M01 with any data of any amount.

In some cases, the PIC will never select M01 for all values of the underlying

truth θ0 outside (l, u) no matter what data evidence M01 (e.g., examples in

the leftmost and middle panels of the figure), and in other cases, data in

support of M01 cannot arise if θ0 is either very small or very large (e.g., the

example in the rightmost panel).

In contrast, again, the BF performs as expected: −2 log BF responds to

the data nonlinearly, favoring M01 when the sample proportion is far from

the two-sided constraint (l, u), and Mlu when the observation is in or close

to (l, u). This is reflected in its inverted U-shapes in all three examples

of (l, u) in Figure 3.2. Asymptotically, in the expression of −2 log BF for

testing Mlu versus M01 in Table 3.1, the numerator inside the logarithm

equals p(l < θ < u|y), which converges to 1 when l < θ0 < u and to zero

when θ0 < l or θ0 > u as n increases. Therefore, the decision based on

−2 log BF is consistent.

Testing Equality Constrained Hypotheses

The results from testing an equality constrained hypothesis (i.e., Mc : θ = c

vs. M01 : 0 < θ < 1) are shown in the bottom row of Figure 3.2. The

selection pattern of the two methods across the data y/n is qualitatively the

same as in the previous scenario of testing two-sided inequality constrained

hypotheses illustrated in the middle row of the figure. With the hypothesis

θ = .4 (leftmost panel), ∆PIC is above zero irrespective of data, thus always

selecting Mc. When testing θ = .5 (middle panel), ∆PIC becomes a positive
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constant, again always selecting Mc. Only when the hypothesized value for

θ is away from .5 to some extent like c = .7 (rightmost panel), ∆PIC allows

M01 to be selected for very small y/n (decision bound ≈ .24), but not for

large proportions.

Essentially, the properties of the two methods described previously still

hold here: A situation exists in which the PIC will never favor M01, no

matter what data in any size sensibly support M01, whereas the BF performs

as expected. In testing the equality constraint θ = c, a selection criterion

is expected to prefer M01 when y/n is away from the hypothesized value c

by being either small or large, and it should favor Mc when y/n is equal or

close to c. ∆PIC cannot accomplish this by nature, because it is a linear

function of data and cannot provide two decision bounds. In addition, as

with earlier tests, the decision bound of ∆PIC for Mc versus M01 is constant

for all sample sizes as shown in Table 3.2. Consequently, there always exists

an underlying proportion θ0 6= c that makes it impossible for the PIC to

select M01 given any data. In some cases (e.g., c = .4 or c = .5; i.e., leftmost

and middle panels), the PIC will never choose M01 for all values of the

underlying truth θ0 6= c no matter what data support M01. In other cases,

data evidencing M01 cannot arise if θ0 is either very small or very large (e.g.,

in the rightmost panel).

The BF performs as a reasonable criterion should, selecting Mc only

when the observed proportion is close to c, the hypothesized value of θ.

Its selection is again consistent, which can be seen in the analytic form of

−2 log BF for Mc versus M01 in Table 3.1. In this case, −2 log BF equals

2 log p(θ = c|y), twice the log posterior density function of θ evaluated at c,

which goes to ∞ if θ0 = c, and to −∞ if θ0 6= c as n increases, due to the

asymptotic convergence of a posterior distribution.
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Generalization

We have shown two peculiar properties of the PIC when applied to the

comparison of a binomial model with an inequality or an equality constraint

on its success probability against the encompassing, unconstrained model.

First, ∆PIC is always a linear function of the observed proportion, and as a

result, provides one-sided evidence, responding to only either small or large

proportions in support of one of the models. Second, ∆PIC is insensitive

to the accumulation of data in the sense that its decision bound remains

constant for all sizes of a binomial sample. As a consequence, for a certain

range of observed proportions, the PIC cannot favor one of the two models

even when the data reasonably support it, no matter how large a sample is

collected. In a subset of the cases, it can be shown that the unconstrained

model is never selected with any supportive data of any size since ∆PIC is

signed towards the constrained model over all possible sample proportions.

By contrast, in all of these testing scenarios, the Bayes factors perform as

expected, selecting the model that receives sensible support from the data.

The selection of Bayes factors is also consistent, recovering the underlying

process as the sample size increases.

In this section, we examine distinctive properties of the PIC in more gen-

eral cases. It turns out that the same behavior that hallmarks the PIC when

applied to binomial models holds for the general exponential family distri-

butions, which include many standard probability distributions in statistics,

such as Bernoulli, binomial, Poisson, normal, and so forth (Schervish, 1995).

When the PIC is applied to Models 1 and 2 constructed by imposing two

different priors on an exponential family, ∆PIC = PIC1−PIC2 has the form

∆PIC = 2

(
n∑
i=1

T (yi)

)[∫
η(θ2)p2(θ2) dθ2 −

∫
η(θ1)p1(θ1) dθ1

]
− 2n

[∫
A(θ2)p2(θ2) dθ2 −

∫
A(θ1)p1(θ1) dθ1

]
,

(3.6)
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where T (y) is a sufficient statistic for the model parameter θ, η(θ) is a func-

tion of θ (called the natural parameter), A(θ) is the logarithm of a normal-

izing constant, and p1(θ1) and p2(θ2) are prior distributions representing

different hypotheses about θ (possibly on subdimensions of θ, hence sub-

scripts 1 and 2 on θ). The observations, y1, . . . , yn, are independently and

identically distributed, under the condition of which
∑n

i=1 T (yi) becomes a

sufficient statistic made of all observations.2

The above form of ∆PIC, of which all the expressions of ∆PIC in Ta-

ble 3.1 for binomial model testing are special cases, shows that the criterion

is a linear function of the model’s sufficient statistics. It also manifests that

the decision bound, or the sufficient statistic normalized by the sample size n

(i.e.,
∑n

i=1 T (yi)
n ) solving ∆PIC = 0, remains constant for all n’s. Therefore,

in its applications to hypothesis testing, we expect precisely the same be-

havior as demonstrated with binomial models to arise: There exist a range

of observed statistics that cannot evidence one of the models, no matter how

strong evidence is accumulated in the statistic in support of the model.

We believe that the PIC’s problematic selection extends to models out-

side exponential families, but its specific form is uncertain. Nonetheless,

some insight can be gained by considering the following relationship:

PIC = −2

∫
log[f(y|θ)]p(θ)dθ

= −2

∫
log

[∫
f(y|θ)p(θ)dθ · f(y|θ)p(θ)∫

f(y|θ)p(θ)dθ
· 1

p(θ)

]
p(θ)dθ

= −2

∫
log

[∫
f(y|θ)p(θ)dθ · p(θ|y)

p(θ)

]
p(θ)dθ

= −2 log

∫
f(y|θ)p(θ)dθ + 2

∫ [
log

p(θ)

p(θ|y)

]
p(θ)dθ

= −2 log ML + 2DKL (p(θ)||p(θ|y)) ,

(3.7)

2This expression extends to the case of a vector parameter in a straightforward fashion.

In such a case, the first term of ∆PIC in Equation 3.6 is replaced by a linear combination

of multivariate sufficient statistics.
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where DKL(p(θ)||p(θ|y)) is the Kullback-Leibler (KL) divergence of the pos-

terior distribution from the prior distribution. This means that the PIC

can be regarded as a two-part decomposition: (the negative logarithm of)

the model’s marginal likelihood and the KL divergence between prior and

posterior distributions. With two models under comparison, ∆PIC becomes

∆PIC = −2 log BF + 2 [DKL (p1(θ)||p1(θ|y))−DKL (p2(θ)||p2(θ|y))] . (3.8)

This result translates that the selection outcome of ∆PIC deviates from

that of −2 log BF depending on the difference of two KL divergence terms,

which indicate the relative degree of departure of each model’s posterior dis-

tribution from their priors. Typically, the posterior of a model changes from

a widely dispersed prior to an increasingly peaked, limiting distribution as

the sample size increases. The KL divergence in the above expressions as

a function of n can be considered to measure the rate of such convergence.

In fact, the convergence rate of Bayesian posteriors under various condi-

tions, not just the fact of convergence, is an ongoing research topic and

the KL divergence of a posterior plays a key role in such analysis (Ghosal,

Ghosh, & van der Vaart, 2000; Kleijn & van der Vaart, 2006). Results rel-

evant to the present discussion concern two distinct conditions: The model

is well-specified versus mis-specified (i.e., the model contains the underly-

ing, data-generating process vs. it does not). It has been shown that the

posterior of a well-specified model converges to its limiting distribution at

an optimal rate under mild regularity conditions, whereas the same rate

for a mis-specified model is achieved when more stringent conditions are

met. Recall that the PIC exhibits clearly counterintuitive selection behav-

ior when the unconstrained model is well-specified yet the constrained model

is mis-specified (i.e., the truth lies only in the unconstrained model). This

behavior may be put in perspective when the deviation of the PIC from the

BF shown above is considered together with the aforementioned findings

about posterior convergence rates: the PIC can penalize the well-specified,
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unconstrained model more severely than the BF does because the conver-

gence of the unconstrained model’s posterior is faster than the constrained

model’s, magnifying the KL divergence term in the PIC as a penalty.

General results about exact conditions in which the PIC produces selec-

tion outcomes that are distinct from the BF’s for the above reason are not

available. Instead, we may consider a special case in which the PIC’s devia-

tion from the BF takes a simplest form: when a point hypothesis, in which

all parameters are fixed in a model, is tested against a larger model with

(some of) the parameters set free. An example is the test of an equality

constrained binomial model (Mc) against the unconstrained model (M01)

illustrated earlier (results shown in the bottom row of Figure 3.2). In this

case, the KL divergence in Equation 3.8 is always zero for the constrained

model (Model 2) because its prior and posterior are an identical point mass,

whereas the KL divergence for the unconstrained model (Model 1) becomes

positive as its posterior differs from the prior with data accumulation. This

makes the difference of two KL divergences in Equation 3.8 strictly posi-

tive, leading to ∆PIC > −2 log BF. Consequently, when compared to the

point hypothesis, the unconstrained model tends to be favored less under

the PIC than under the BF. This observation certainly extends to general

cases. That is, with the PIC, an unconstrained, well-specified model can be

penalized over the mis-specified, point hypothesis relative to the case with

the BF.

Discussion

The present chapter concerns a newly proposed method of statistical model

selection, the prior information criterion van de Schoot et al. (2012), and

reports an analysis of its behavior when applied to test an inequality- or

an equality-constrained hypothesis. The results show that the PIC yields

puzzling outcomes of model selection, which are demonstrated in examples
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of testing binomial models under various constraints, and explained using

analytic derivations of the PIC in more general settings. In sum, it was found

that there exists a situation in which one of the models under comparison

cannot be selected by the PIC even when the data sensibly support that

model, no matter how much data are collected. Specifically, it is possible

that the model chosen by the PIC does not contain the underlying truth

whereas the alternative model does.3 In the same situation, the Bayes factor

favors the model that receives sensible support from the data. As predicted

in general cases (Schwartz, 1965), the selection behavior of the Bayes factor is

consistent, favoring the correct, data-generating model as data accumulate.

Inconsistent selection behavior is in fact a large-sample property of some

existing model selection criteria, most often associated with the Akaike in-

formation criterion (AIC; Akaike, 1973). One may wonder if the inconsis-

tency of the PIC can be understood in a similar way. There are critical

differences, however, in what constitutes “inconsistency” between the AIC

and the PIC. The AIC is inconsistent in the sense that it is possible for a

constrained model not to be recovered with a large sample when the true

distribution lies both in the constrained and the alternative, encompassing

model (Bozdogan, 1987). This selection is viewed as being inconsistent be-

cause, in such a case, the smaller, nested model should be considered closer

to the truth than the larger model (i.e., inconsistent with respect to the or-

der of model classes in their overall discrepancy from the true distribution).

This outcome is far from being puzzling and is defended by the fact that the

AIC is designed to estimate the fitted model’s KL divergence from the true

3In fact, an example of how the PIC can lead to a problematic inference of this kind is

already present (but neither observed nor discussed) in van de Schoot et al. (2012). For

example, when data were simulated from a population where µ1 = −1 and µ2 = 1, the

PIC preferred the equality constrained model (µ1 = µ2) over the unconstrained model

(µ1, µ2), despite the fact that the unconstrained, but not the constrained model, includes

the truth (see their Figure 3 and Mulder, 2014).
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distribution, not the order of compared model classes in the aforementioned

sense. By contrast, the PIC does not let one select a model even when the

truth lies only in that model and not in the alternative one. Furthermore,

the PIC in certain cases does not recover the true model with data of all

sample sizes. To the best of our knowledge, there are no existing model

selection criteria that exhibit such behavior.

Methods for testing hypotheses statistically, or selecting among compet-

ing statistical models, are important tools for scientific research. Develop-

ment of a new method should be welcomed as there must not be a single,

absolute criterion for such testing. The PIC would have been a valuable

addition to the existing methods. However, based on our analyses reported

in the current chapter, we must express reservations about its use.
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Appendix

This section shows the analytic derivations of the PIC and the −2 log ML ap-

plied to the binomial likelihood with four different priors: An unconstrained

model, M01 : 0 < θ < 1 with θ ∼ Beta(α, β), a one-sided and two sided

inequality constrained model, M0u : 0 < θ < u and Mlu : l < θ < u, with

θ ∼ TruncatedBeta(α, β), and an equality constrained model, Mc : θ = c.

PIC

PICM01 = −2

∫ 1

0
log (f(y|θ)) p(θ) dθ

= −2

∫ 1

0
log

((
n

y

)
θy (1− θ)n−y

)
θα−1(1− θ)β−1

B(α, β)
dθ

= −2 log

(
n

y

)
− 2y

∫ 1

0
log (θ)

θα−1(1− θ)β−1

B(α, β)
dθ

− 2(n− y)

∫ 1

0
log (1− θ) θ

α−1(1− θ)β−1

B(α, β)
dθ

= −2 log

(
n

y

)
− 2y (ψ(α)− ψ(α+ β))− 2(n− y) (ψ(β)− ψ(α+ β))

= −2 log

(
n

y

)
− 2yψ(α)− 2nψ(β) + 2nψ(α+ β) + 2yψ(β)

= −2 log

(
n

y

)
− 2y (ψ(α)− ψ(β))− 2n (ψ(β)− ψ(α+ β)) ,

(3.9)

where B (·, ·) is the beta function and ψ (·) is the digamma function.

Setting α = β = 1 yields

PICM01 = −2 log

(
n

y

)
+ 2n, (3.10)

since ψ(1)− ψ(2) = −1.
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PICM0u = −2

∫ u

0
log

((
n

y

)
θy(1− θ)n−y

)
θα−1(1− θ)β−1

Bu(α, β)
dθ

= −2 log

(
n

y

)
− 2n

∫ u

0
log(1− θ)θ

α−1(1− θ)β−1

Bu(α, β)
dθ

− 2y

∫ u

0
log(θ)

θα−1(1− θ)β−1

Bu(α, β)
dθ + 2y

∫ u

0
log(1− θ)θ

α−1(1− θ)β−1

Bu(α, β)
dθ

= −2 log

(
n

y

)
− 2y

∂αBu(α, β)− ∂βBu(α, β)

Bu(α, β)
− 2n

∂βBu(α, β)

Bu(α, β)
,

(3.11)

where Bu(·, ·) is the incomplete beta function, ∂α denotes the partial deriva-

tive with respect to α and ∂β denotes the partial derivative with respect to

β. The partial derivatives of the incomplete beta function, ∂αBu(α, β) and

∂βBu(α, β) have a closed form expression in terms of generalized hypergeo-

metric functions, F (a1, . . . , ap; b1, . . . , bq; z):

∂αBu(α, β) = log(u)Bu(α, β)− uα

α2
F (α, α, 1− β;α+ 1, α+ 1;u). (3.12)

∂βBu(α, β) =
(1− u)β

β2
F (β, β, 1− α;β + 1, β + 1; 1− u)

− log(1− u)B1−u(β, α) + (ψ(β)− ψ(α+ β))B(α, β).

(3.13)

Setting α = β = 1 yields

PICM0u = −2 log

(
n

y

)
−2y

(
log(u)− u− 1

u
log(1− u)

)
−2n

(
u− 1

u
log(1− u)− 1

)
,

(3.14)

since Bu(1, 1) = u; ∂αBu(1, 1) = u (log(u)− 1) and ∂βBu(1, 1) = (u −

1) log(1− u)− u. As desired, if u = 1, Equation (3.11) reduces to Equation

(3.9) and Equation (3.14) reduces to Equation (3.10).
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PICMlu
= −2

∫ u

l
log

((
n

y

)
θy(1− θ)n−y

)
θα−1(1− θ)β−1

Dul(α, β)
dθ

= −2 log

(
n

y

)
− 2n

∫ u

l
log(1− θ)θ

α−1(1− θ)β−1

Dul(α, β)
dθ

− 2y

∫ u

l
log(θ)

θα−1(1− θ)β−1

Dul(α, β)
dθ + 2y

∫ u

l
log(1− θ)θ

α−1(1− θ)β−1

Dul(α, β)
dθ

= −2 log

(
n

y

)
− 2y

∂αDul(α, β)− ∂βDul(α, β)

Dul(α, β)
− 2n

∂βDul(α, β)

Dul(α, β)
,

(3.15)

where we define the difference between two incomplete beta functions as

follows: Dul(α, β) = Bu(α, β)−Bl(α, β) =
∫ u
l θ

α−1(1− θ)β−1dθ.

Setting α = β = 1 yields

PICMlu
= −2 log

(
n

y

)
− 2y

−(1− l) log(1− l) + u log(u) + (1− u) log(1− u)− l log(l)

u− l

− 2n
(1− l)(log(1− l)− 1)− (1− u)(log(1− u)− 1)

u− l
,

(3.16)

since ∂αDul(1, 1) = −l(log(l) − 1) + u(log(u) − 1) and ∂βDul(1, 1) = (1 −

l) (log(1− l)− 1)− (1− u) (log(1− u)− 1)1. As desired, if l = 0, Equation

(3.15) reduces to Equation (3.11) and Equation (3.16) reduces to Equation

(3.14).

PICMc = −2 log

(
n

y

)
cy (1− c)n−y

= −2 log

(
n

y

)
− 2y log(c)− 2(n− y) log(1− c)

= −2 log

(
n

y

)
+ 2y

(
− log(c) + log(1− c)

)
− 2n log(1− c)

= −2 log

(
n

y

)
− 2y log

(
c

1− c

)
− 2n log (1− c) .

(3.17)
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-2 log ML

−2 log MLM01 = −2 log

∫ 1

0
f(y|θ)p(θ) dθ

= −2 log

∫ 1

0

(
n

y

)
θy (1− θ)n−y θ

a−1(1− θ)β−1

B(α, β)
dθ

= −2 log

(
n
y

)
B(α, β)

∫ 1

0
θy+α−1 (1− θ)n−y+β−1 dθ

= −2 log

(
n
y

)
B(y + α, n− y + β)

B(α, β)
.

(3.18)

Setting α = β = 1, yields

−2 log MLM01 = −2 log

(
n

y

)
B(y + 1, n− y + 1)

= −2 log
1

n+ 1
,

(3.19)

since B(m+ 1, n+ 1) = m!n!
(m+n+1)! .

−2 log MLM0u = −2 log

∫ u

0

(
n

y

)
θy (1− θ)n−y θ

α−1(1− θ)β−1

Bu(α, β)
dθ

= −2 log

(
n
y

)
Bu(α, β)

∫ u

0
θy+α−1 (1− θ)n−y+β−1 dθ

= −2 log

(
n
y

)
Bu(y + α, n− y + β)

Bu(α, β)
.

(3.20)

Setting α = β = 1, yields

−2 log MLM0u = −2 log

(
n

y

)
Bu (y + 1, n− y + 1)

u
, (3.21)

since Bu(1, 1) = u. As desired, if u = 1, Equation (3.20) reduces to equation

(3.18) and Equation (3.21) reduces to Equation (3.19).

−2 log MLMlu
= −2 log

∫ u

l

(
n

y

)
θy (1− θ)n−y θ

α−1(1− θ)β−1

Dul(α, β)
dθ

= −2 log

(
n
y

)
Dul(α, β)

∫ u

l
θy+α−1 (1− θ)n−y+β−1 dθ

= −2 log

(
n
y

)
Dul(y + α, n− y + β)

Dul(α, β)
.

(3.22)
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Setting α = β = 1, yields

−2 log MLMul
= −2 log

(
n

y

)
Dul (y + 1, n− y + 1)

u− l
. (3.23)

As desired, if l = 0, Equation (3.22) reduces to Equation (3.20) and Equation

(3.23) reduces to Equation (3.21).

−2 log MLMc = −2 log

(
n

y

)
− 2y log

(
c

1− c

)
− 2n log(1− c). (3.24)
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Chapter 4

Using parameter space partitioning to eval-

uate a model’s qualitative fit

Introduction

Parameter space partitioning (PSP; Pitt et al., 2006) is a versatile tool for

model analysis, focusing on qualitative model behavior. It makes abstrac-

tion of the quantitative details in model predictions and focuses on the more

general qualitative data patterns, such as ordinal relations. PSP is imple-

mented using a Markov chain Monte Carlo (Gilks, Richardson, & Spiegelhal-

ter, 1996) search algorithm that samples points in the parameter space and

evaluates the qualitative model behavior in every selected set of parameter

values. The entire parameter space gets partitioned into regions that cor-

respond to the different qualitative data patterns the model can generate.

All points belonging to the same region generate an identical qualitative

data pattern. Additionally, every region is provided with an estimate of

the volume it occupies in the space, reflecting the representativeness of the

corresponding data pattern to the model’s behavior.

Pitt et al. (2006) showed that PSP can be used for a number of pur-

poses. First, they applied PSP to evaluate the qualitative behavior of the

human category learning model ALCOVE (Kruschke, 1992) in the Shepard,

95
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Hovland, and Jenkins (1961) task, where six different category structures

are learned. The qualitative pattern of interest was the ordering of the ease

with which the different structures were learned. Pitt et al. (2006) evalu-

ated ALCOVE’s behavior by inspecting different aspects of its partitioned

parameter space. A count of the number of generated data patterns re-

vealed that the variety of behavioral patterns predicted by ALCOVE was

quite small, and included the empirical pattern. Pitt et al. (2006) also more

closely inspected the most representative data patterns (i.e., patterns which

occupied the most volume in the parameter space) and found that the or-

derings of the different structures in these patterns were overall quite similar

to the ordering in the empirical pattern. These observations suggested that

ALCOVE can account for the qualitative structure of the empirical data.

In a second application, Pitt et al. (2006) applied PSP to compare the

qualitative model behavior of two localist connectionist models of speech

perception, TRACE (McClelland & Elman, 1986) and Merge (Norris, Mc-

Queen, & Cutler, 2000), in two different experimental settings. The models’

partitioned parameter spaces were again compared on different aspects. Pitt

et al. (2006) compared the flexibility of both models by counting the num-

ber of data patterns that both models generated, and evaluated the model

mimicry by studying the number of overlapping and unique data patterns

(see also Hawkins, Brown, Steyvers, & Wagenmakers, 2012; Steingroever,

Wetzels, & Wagenmakers, 2013 for other applications of PSP to examine

model flexibility and mimicry). Further, they compared how representa-

tive the empirical pattern was to the behavior of each model by looking

at the volumes of the regions in the parameter spaces that were occupied

by the empirical pattern. The data patterns were also compared by means

of histograms presenting the number of mismatches between the data pat-

terns and the empirical one, and the most representative data patterns were

inspected with more scrutiny, relating the volumes of their regions to the
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number of mismatches. Overall, these analyses suggested that TRACE and

Merge show a lot of similarities in their qualitative behavior.

These and other applications make clear that PSP is an extremely rich

source that provides a great amount of useful information about a model’s

qualitative behavior: Does the model generate the empirical data pattern?

How representative is the empirical data pattern to the model? Does the

model generate many other data patterns besides the empirical one? Do the

other generated data patterns deviate a lot from the empirical one? How

representative are these other data patterns to the model? This richness of

information, however, has also a drawback. Particularly when PSP is used

for different models and one wishes to select one of the competing models as

the one that performs best in capturing the empirical qualitative pattern, it

is not at all straightforward how the different pieces of information provided

by a PSP analysis should be meaningfully combined. Especially when the

models can generate many data patterns (e.g., thousands) and the data

patterns are large (e.g., rankings of more than 10 stimuli), it can become

a cumbersome task to find out which model provides the best qualitative

account of the data.

In this chapter, we propose a convenient way of summarizing the outcome

of a PSP analysis into a single number useful for model selection, referred

to as PSP fit. This reflects a model’s ability to account for the empirical

qualitative pattern. An additional goal of this chapter is to evaluate the

performance of PSP based model selection using an extensive simulation

study.

The remainder of the chapter is organized as follows. First, we explain

how PSP can be used to select among models in five steps. Next, we show

four application examples where we use PSP fit to select among two compet-

ing models in the field of category learning. Finally, we evaluate the ability

of PSP fit as a model selection method using a model recovery study.
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PSP based model selection in five steps

To explain PSP based model selection, we use an example of two hypothet-

ical models, each with two parameters, denoted by θ1 and θ2, applied to a

response time task with five conditions. We illustrate how PSP can be used

as a tool for model selection in five steps.

Step 1: Define qualitative data pattern

The first step is to define the qualitative data pattern, depending on the

interest of the researcher. In the current example, we assume the main

interest of the researcher is capturing the ordering of the mean response

times across five conditions, and thus a data pattern is defined as the rank

order of mean response times across all conditions.

Step 2: Run PSP

The second step involves running PSP using the data pattern definition from

step 1 (for this we use Matlab code available on http://faculty.psy.ohio-

state.edu/myung/personal/psp.html). Figure 4.1 illustrates the parti-

tioned parameter spaces of the two models, showing all different data pat-

terns (in this case, rank orders) they can generate across their parameter

space. Model 1’s parameter space is partitioned into seven regions, cor-

responding to seven different rank orders of the five conditions. In each

predicted pattern, the first number reflects the rank of condition 1, the

second number reflects the rank of condition 2, and so forth. Rank 1 re-

flects the fastest and rank 5 reflects the slowest response time. For example,

data pattern (5, 1, 2, 3, 4) indicates that condition 1 evoked the slowest

response time, condition 2 evoked the fastest response time, and condition

3 to 5 evoked the second, third and fourth fastest response times, respec-

tively. This data pattern occupies about one third of the space and is the
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most representative of the model behavior. Being assigned a much smaller

volume of 5%, data pattern (3, 5, 2, 4, 1) is less relevant. Model 2 generates

five different rank orders, the most important ones being (3, 4, 2, 5, 1), (3,

5, 1, 4, 2) and (2, 5, 3, 4, 1).

𝜃1 

𝜃2 

Model 1 

3 5 2 4 1 
5 1 2 3 4 

4 1 2 3 5 

5 3 1 4 2 4 3 2 1 5 

4 2 3 1 5 

5 1 3 2 4 

4% 

33% 

17% 11% 

10% 

5% 

20% 

𝜃1 

𝜃2 

Model 2 

3 4 2 5 1 

4 5 2 3 1 

3 5 1 4 2 

2 5 3 4 1 

1 5 2 4 3 

17% 

4% 

8% 

31% 

40% 

Figure 4.1: The partitioned parameter spaces of two hypothetical two-parameter

models in an experiment with five conditions. Model 1 generates seven distinct

data patterns, whereas model 2 generates five different qualitative patterns. Every

region depicts its corresponding data pattern, and the percentage of the volume that

it occupies in the model’s parameter space. This Figure is inspired by Figure 2 in

Pitt et al. (2006).

Step 3: Assess model distinguishability

The third step involves assessing the distinguishability of the models under

consideration. Assessing distinguishability is crucial, since no model selec-

tion method can be reasonably expected to disentangle two models if they

make predictions that are very much alike (Navarro, Pitt, & Myung, 2004;

Pitt, Kim, & Myung, 2003). An important benefit of using PSP to select

models is that distinguishability can be assessed based on the PSP output,

precluding having to perform additional simulations. A comparison of the

data patterns generated by model 1 and model 2 in Figure 4.1 shows that

they have no data patterns in common, so the models can be dinstinguished.
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Step 4: Collect data

Having ascertained distinguishability, it makes sense to collect empirical

data. In this example, we assume that the observed response times (in ms)

across the five conditions are (932, 1196, 745, 1071, 540). The qualitative

representation of these data, using the data pattern definition from step 1,

is (3, 5, 2, 4, 1).

Step 5: Compute PSP fit

The fifth and final step involves comparing the competing models on their

ability to describe the observed data pattern. A first intuitive way of bring-

ing the observed data pattern into contact with the predicted data patterns

involves looking for the observed pattern among the predicted data pat-

terns. The partitioned parameter spaces in Figure 4.1 show that model 1 is

able to generate the empirical data pattern, whereas model 2 is not. From

this perspective, one could conclude that model 1 describes the observed

qualitative trend better and should be preferred over model 2. The major

problem with this intuitive approach is that it is highly prone to over-fitting.

Over-fitting occurs when a model does not only fit variation due to the un-

derlying process, but also captures random variation. Over-fitting is usually

caused by a model being too complex: An overly complex model provides

a good fit to the data due to its flexibility to capture random error in the

data and does not accurately reflect the underlying process. To reduce the

risk of over-fitting, one should not only assess a model’s ability to fit the

data, but also take into account the price that has to be paid to achieve this

fit, in terms of the model’s complexity (Myung, 2000; Pitt & Myung, 2002;

Roberts & Pashler, 2000). Choosing the model that can describe the data

well without being too complex is an implementation of Occam’s razor.

One common solution to avoid over-fitting involves considering the av-

erage fit of a model, across the entire domain of parameter values (Myung
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& Pitt, 1997; Pitt, Myung, & Zhang, 2002). Model complexity is taken into

account in this way, in the sense that a model is penalized for being able

to fit data patterns that heavily diverge from the observed data. Applied

to PSP based model selection, evaluating average model fit implies an ap-

proach that evaluates the global correspondence between the empirical data

pattern and all the data patterns generated by the model. As explained in

the introduction section, this comes down to weighing different aspects of a

model’s partitioned parameter space, such as how much the different data

patterns deviate from the empirical one and how representative they are to

the model’s behavior.

The partitioned parameter spaces in Figure 4.1 show that although

model 1 can generate the empirical pattern, the region of model 1 corre-

sponding to this pattern is not very representative for the model, as it only

occupies a relatively small part of the parameter space. Moreover, the other

data patterns generated by model 1 are rather different from the empirical

one. For example, whereas the fifth and second condition have the highest

and lowest empirical ranking respectively, this seems to be almost oppo-

site in most data patterns generated by model 1. In contrast, the majority

of the data patterns produced by model 2 show great similarities with the

empirical one. Almost all pairwise relations found in the empirical data

are preserved in model 2’s patterns, except for some minor switches, with

the most representative patterns showing the smallest number of switches.

Thus, after inspecting all generated data patterns and comparing them with

the empirical pattern, it seems reasonable to conclude that globally, model

2 captures the observed qualitative trend better than model 1 does.

Whereas evaluating and comparing both models’ partitioned parameter

spaces in Figure 4.1 is easy, in our experience, models often generate a large

number of data patterns, each occupying tiny fractions of the parameter

space, making it difficult to get a clear view on the models’ global behavior.
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Especially when competing models make similar predictions, identifying the

model that provides the best overall description of the empirical pattern

can be challenging. Therefore, we propose to formally summarize a model’s

average PSP fit as follows, allowing an easy way of selecting between models

based on PSP:

PSP fit =

n∑
i=1

d
(
DPEmp, DPModel

i

)
· Vi

d (DPEmp, DPMax)
, (4.1)

where n indicates the number of data patterns generated by the model

and d indicates the distance between two data patterns. DPEmp, DPModel
i

and DPMax correspond to the empirical data pattern, the ith data pattern

generated by the model, and the theoretically most distant data pattern

from the empirical one, respectively. Further, Vi is the proportion of the

volume that data pattern i occupies in the model’s parameter space.

The numerator is the summed distance (which is a positive value) be-

tween the empirical pattern and each data pattern generated by the model,

including implausible ones. Each term is weighted by the proportion of the

volume of the corresponding data pattern’s region. It reflects the weighted

average distance between a model’s data patterns and the empirical data

pattern. The weighted distance is then divided by its maximum value, which

is equal to the distance between the empirical pattern and the theoretically

most distant data pattern from the empirical one.1 In this way, the average

weighted fit is scaled to fall in the range [0, 1], with a lower value indicating

a lower distance between model and data, and thus a better global fit. The

minimal value of 0 is obtained if the model generates a single data pattern

only, corresponding to the empirical pattern. As soon as other patterns are

1The theoretically most distant data pattern from the empirical one does not necessarily

need to be one of the data patterns generated by the model, so the distance between the

empirical data pattern and the theoretically most distant data pattern will always be

larger than zero.
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generated, the value of PSP fit increases. The maximal value of 1 is ob-

tained if the model generates a single data pattern only, corresponding to

the pattern most distant from the empirical one.

The exact implementation of the distance between two data patterns

depends on the way patterns are defined in step 1. In the current example,

as well as in the applications below, we focus on rank order patterns, so

we need a measure that is suitable to assess the distance between rankings.

To select from the wealth of ranking distances that are available (see e.g.,

Marden, 1995, for an overview), we restricted ourselves to measures that can

be applied to partial rankings. Such rankings have ties, meaning there are

certain items that have the same ranking, and can reasonably be expected to

occur in psychological experiments (e.g., see the Shepard et al. (1961) task

described earlier). Fagin, Kumar, Mahdian, Sivakumar, and Vee (2006) in-

troduced four distance metrics that can be used to compare such partial

rankings, obtained by generalizations of the well-known Kendall tau dis-

tance2 (Kendall, 1938, 1975) and Spearman’s footrule distance (Spearman,

1904; Diaconis & Graham, 1977). We will use the most easily implementable

metric, which is Spearman’s footrule distance generalized to partial rank-

ings by assigning “midrank” values to the tied items or stimuli. This means

that ties are replaced by the average of all tied positions in the ranking. For

example, if the first and third stimulus in our example given above (see step

4) are tied, the empirical data pattern would be (2.5, 5, 2.5, 4, 1) instead of

(3, 5, 2, 4, 1). Spearman’s footrule distance between two (partial) rankings

can then be computed as follows: d (DP1, DP2) =

m∑
j=1

|DP1j −DP2j | , with

DP1j and DP2j the rank position of the jth element in the first and second

data pattern, respectively.

Using this distance, the PSP fit of model 1 and model 2 equals 0.81 and

0.17, respectively (see Appendix A for computational details), indicating

2Not to be confused with Kendall’s tau coefficient.
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that model 2 provides a better overall description of the qualitative trend

in the data than model 1.

By construction, PSP fit is not only sensitive to which patterns are

generated, but also to the proportion of the volumes of the regions these

patterns occupy in the parameter space. If, for example, model 1 would

generate the data patterns shown in Figure 4.1, but with the volume of the

empirical pattern’s region equal to 88% and the volumes of the other regions

equal to 2%, the PSP fit of model 1 would drop to 0.10 so that model 1 is

preferred.

Application Example

In this section, we demonstrate PSP based model selection in the domain

of category learning. We consider two category learning models that have a

long history of being contrasted (see, e.g., Vanpaemel & Storms, 2010, for

an overview): the Generalized Context Model (GCM: Nosofsky, 1986) and

the Multiplicative Prototype Model (MPM: Minda & Smith, 2011; Nosofsky,

1987; Reed, 1972). These models reflect two opposing theoretical accounts

of categorization, according to which humans classify items in a certain cat-

egory by comparing them to category exemplars or to a category prototype,

respectively. Formal details of the models used in this application are pro-

vided in Appendix B3.

In a typical category learning task, participants are asked to classify

3Our comparison between the GCM and the MPM serves as a demonstration of PSP fit

as a model selection method and not as a way to draw substantial conclusions concerning

the exemplar versus prototype accounts of category learning, as more recent model versions

could be considered for this latter purpose (Ashby & Maddox, 1993; Vanpaemel, 2016).

Further, the four data sets considered here are not intended to be representative for the

vast collection of category learning data sets available, which can differ in many meaningful

characteristics, including the category structures to be learned, the type of stimuli, the

exact instructions, the amount of training, the type of feedback, and so on.
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previously unseen stimuli in category A or B. During the training phase,

participants are trained to classify a subset of the stimuli (i.e., the assigned

stimuli) in one of both categories, based on corrective feedback. During

the test phase, both the assigned and the unassigned stimuli have to be

categorized. In this application example, we use four category structures

from Nosofsky (1986), referred to as criss-cross, interior-exterior, diagonal,

and dimensional. They are based on the same set of 16 stimuli (semicircles),

varying on two dimensions (size of the semicircle and angle of orientation

of a radial line drawn from the center of the semicircle to the rim). The

four structures are depicted schematically in the upper left panel of Figures

4.2 to 4.5. Every cell in these grids schematically represents one of the 16

stimuli. Rows and columns reflect the four levels of the two dimensions on

which the stimuli vary.

As a start, let us consider the criss-cross structure and apply the five

steps of the PSP based model selection procedure that we have outlined

above. The first step involves deciding on the data pattern of interest. In

this application, we focus on the ordinal relations between the category A

responses for all stimuli (e.g., stimulus 1 was classified more often in category

A than stimulus 2, but less often than stimulus 3), so we define a qualitative

data pattern as the rank order of the percentage of category A responses

(rounded to the nearest integer) for all stimuli. The stimulus that was

assigned most often to category A gets a rank of 1, while the stimulus that

was assigned most often to category B gets a rank of 16. Stimuli with equal

category A response percentages get a “midrank” value.

Second, PSP is run. PSP revealed 8426 different data patterns generated

by the GCM and 2142 data patterns generated by the MPM. The interested

reader can find details of the PSP procedure in Appendix C.

The third step involves assessing model distinguishability. The two bot-

tom rows in Figure 4.2 show a graphical representation of the five data
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Figure 4.2: The top left panel shows the criss-cross category structure and the

data, as collected by Nosofsky (1986). Rows and columns reflect the four levels of

the two dimensions on which the 16 stimuli vary. Cells that are marked with an

A represent stimuli assigned to category A, whereas cells with a B represent stim-

uli assigned to category B. Cells without a letter are unassigned stimuli. Stimulus

numbers are depicted in the lower left corner of each cell. The observed category

A response percentage for each stimulus is depicted in the upper right corner of

each cell. The corresponding rank position in the empirical data pattern is depicted

in the lower right corner of each cell, with 1 as the highest and 16 as the lowest

possible rank position. The top right panel shows a visualization of the empirical

data pattern, where each cell in the grid represents one of the 16 stimuli to be cat-

egorized. The darker the cell, the higher the rank order position of that stimulus

in the concerning pattern. The degree of darkness hence reflects the preference for

category A. The middle row depicts a visualization of the five most representative

predicted patterns of the GCM, and the bottom row depicts the five most represen-

tative data patterns of the MPM, using the same color coding conventions as in the

visualization of the empirical data pattern. Above each predicted data pattern, the

percentage of the volume (V) of the pattern and the distance (d) between the data

pattern and the empirical pattern is shown.

patterns with the largest volumes in each model’s partitioned parameter

space. The gradient of each cell reflects the rank position of the corre-
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sponding stimulus, with a darker gradient reflecting a higher ranking (i.e.,

more category A responses). This visualization provides an easy insight into

the most representative qualitative model behavior and allows a quick way

to roughly check model distinguishability for the largest patterns. Clearly,

both models generate different types of data patterns. In the GCM patterns,

stimuli that simultaneously have a low value on one and a high value on the

other dimension show high rankings (dark gradient, reflecting more category

A responses), whereas low or high values on both dimensions result in low

rankings (light gradient, reflecting more category B responses). In contrast,

rankings in the MPM patterns consistently increase with higher values on

the vertical dimension and lower values on the horizontal dimension4. Thus,

the models seem to be distinguishable.

Convinced of the models’ distinguishability, it makes sense to collect

data in a fourth step; or in this case, consider the data already collected

by Nosofsky (1986). In this application, we will use the data obtained from

Participant 1. Using the data pattern definition from step 1, the empirical

qualitative data (i.e., the rankings of all stimuli) are shown in the lower

right corners of the upper left panel of Figure 4.2; the right panel shows a

graphical representation of this qualitative data pattern. For completeness,

the quantitative data — the observed percentages of category A responses,

rounded to the nearest integer — are shown in the upper right corners of

the cells, but these are not used in the application.

Now, the PSP fit between the empirical data pattern and the model-

based data patterns can be assessed, using Equation (4.1). Since we defined

4From the schematic representation of this category structure, these asymmetric data

patterns generated by the MPM are surprising, as it seems that the prototypes of A and

B have the same location (namely, in the middle of the grid). However, the model uses

the psychological space of Participant 1 derived from identification data (see Figure 5 in

Nosofsky, 1986), in which the stimuli are not represented as symmetrically as in the grid

representation.
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a data pattern as a ranking, we use Spearman’s footrule distance to calculate

the distances in the PSP fit, like in our introductory example. A visual

comparison of the largest predicted data patterns and the empirical data

pattern in Figure 4.2 suggests that the predictions of the GCM provide the

best qualitative fit. Calculation of the PSP fit quantifies this observation

and extends it to all 8,426 and 2,142 patterns produced by each model. The

PSP fits of the GCM and MPM are 0.17 and 0.59, respectively (see Table

4.1). Since a lower value reflects a better global correspondence between

the empirical data pattern and the model, these values imply that the GCM

captures the observed qualitative pattern better than the MPM.

Table 4.1: Values of the PSP fit of the GCM and the MPM in the four category

structures from Nosofsky (1986). The PSP fits in the dimensional structure are

only displayed for completeness, as this structure allows very poor model distin-

guishability.

Model

Structure GCM MPM

Criss-cross 0.17 0.59

Interior-exterior 0.36 0.65

Diagonal 0.13 0.30

Dimensional (0.19) (0.26)

Turning to the interior-exterior structure, Figure 4.3 shows the five

largest data patterns generated by the GCM and MPM after running PSP

(see Appendix C for more details). In total, 14,848 data patterns were gen-

erated by the GCM and 4,444 data patterns by the MPM. Visual inspection

of the bottom rows of Figure 4.3 reveals that both models again produce

very distinguishable qualitative patterns, so it makes sense to collect data to

select between both models. The five primary patterns of the GCM reflect

the empirical pattern more than MPM’s primary patterns do. Calculation
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of the PSP fits confirms that this finding generalizes to the global qualitative

behavior of both models: the PSP fit equals 0.36 for the GCM and 0.65 for

the MPM. Overall, GCM’s performance in predicting the empirical trend in

the interior-exterior structure is better than that of the MPM.

Figure 4.3: Visualisation of the empirical and predicted data patterns in the

interior-exterior structure. See Figure 4.2 for further information.

Running PSP on the diagonal structure resulted in 3,902 data patterns

generated by the GCM and 6,222 data patterns generated by the MPM (see

Appendix C for more details). The five most representative patterns of each

model are shown in Figure 4.4. Although these patterns are less dissimilar

than in the previous structures, they are still distinguishable from each other.

Whereas the stimuli’s rankings in the GCM patterns are determined by

their position on both dimensions together, the MPM mainly focuses on the

stimuli’s position on the horizontal dimension. Given the distuinguishability,

there is hope that both models can be told apart, so it is worth the effort

to collect empirical data. The primary GCM patterns seem to resemble

the empirical pattern more than the primary MPM patterns do. Indeed,

calculation of the PSP fit leads to the selection of the GCM (PSP fit =

0.13) over the MPM (PSP fit = 0.30).
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Figure 4.4: Visualisation of the empirical and predicted data patterns in the di-

agonal structure. See Figure 4.2 for further information.

Finally, we consider the dimensional structure. Running PSP resulted in

6,702 data patterns generated by the GCM and 5,023 data patterns gener-

ated by the MPM (see Appendix C for more details). Figure 4.5 shows the

models’ five most representative data patterns. In this structure, the GCM

and the MPM seem to closely mimic each other’s behavior: the two most

representative data patterns of both models, covering a rather large area

in the parameter spaces, are identical. This suggests that the experimental

design of the dimensional structure does not elicit sufficiently informative

data to distinguish between the GCM and MPM and thus is not appropriate

for disentangling these models. In this light, it seems futile to try to select

between these versions of the models in this design, and one should not even

bother collecting data. However, given that the data are already collected

by Nosofsky (1986), we show them in Figure 4.5 and we included the PSP

fits in Table 4.1 for completeness.
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Figure 4.5: Visualisation of the empirical and predicted data patterns in the di-

mensional structure. See Figure 4.2 for further information.

Sensitivity analysis

Like all aspects of data analysis and modeling, PSP, and thus PSP fit, comes

with several more or less arbitrary choices or researcher degrees of freedom

(Simmons et al., 2011). First of all, there are various potential definitions

of data patterns. For example, instead of considering the ranking of all

stimuli, one could be interested in the pattern of A and B responses to the

different stimuli (e.g., AABBA). Further, there is some freedom in choosing

which stimuli to consider. Whereas we looked at all 16 stimuli that were

tested, other researchers may be interested in responses to, for example, the

8 unassigned stimuli only. Another researcher degree of freedom inherent

to PSP concerns the constraints on the parameter space. Although some

model parameters can have natural boundaries (e.g., the attention weight

parameter w is restricted to [0, 1]), other parameters are unbounded (e.g.,

the sensitivity parameter c), so researchers have to constrain the parameter

range based on what they consider appropriate. One brute but informative

way of dealing with these researchers degrees of freedom is performing a
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sensitivity analysis, to evaluate whether and to what extent conclusions are

robust across different choices.

In our sensitivity analysis, we evaluated the robustness of the above

conclusions across different choices for (1) the data pattern definition, (2)

the considered stimuli, and (3) the parameter range. We considered two

different choices for data pattern definition: besides the ranking definition

used earlier, we also considered a nominal data pattern definition, where

stimuli with more or less category A than category B responses were assigned

response A or response B, respectively (e.g., AAABBAAB). To assess the

distances between these data patterns for the calculation of PSP fit, we

used the number of mismatches, or the Hamming distance. For example,

the distance between data pattern AAAABBBB and BBBBBBBB equals 4.

Concerning the considered stimuli, we examined two different choices: all 16

stimuli (as earlier) and the 8 unassigned stimuli. Finally, we considered three

different choices for the parameter range of c: [0, 20] (as earlier), [0, 10] and

[0, 5]. In our sensitivity analysis, we combined all different choices, resulting

in 12 (2 × 2 × 3) different conditions, and we calculated the PSP fits of

the GCM and the MPM in each condition, for all four category learning

structures, resulting in 12 tables like Table 4.1. As shown in Appendix

D, the results are very similar. The main difference across the different

conditions was that the GCM and the MPM became indistinguishable in

the diagonal structure when only the unassigned stimuli were considered.

Aside from that, the model selection conclusions were robust across the

different choices for data patterns, considered stimuli and parameter ranges:

whenever the models were distinguishable, the GCM provided better PSP

fits than the MPM, in all category structures, across all 12 conditions.
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Evaluation of PSP fit as a model selection tool

To evaluate the performance of PSP fit as a basis for selecting between

models, we conducted an extensive model recovery study (see e.g., Navarro

et al., 2004; Wagenmakers, Ratcliff, Gomez, & Iverson, 2004). In this study,

we evaluate the ability of PSP fit to recover the data-generating model. More

specifically, we simulate data from both the GCM and the MPM, and assess

the percentage of time in which the model selected by PSP fit corresponds

to the model that generated the data.

Using the four category structures from Nosofsky (1986) as used in the

application, 80, 000 artificial data sets were generated. For each of the four

structures, 10, 000 sets of parameter values of c (with range [0, 20]) and w

(with range [0, 1]) were sampled from a uniform distribution on the entire

parameter space. For each set of parameter values, the probability of clas-

sifying each of the 16 stimuli in category A was computed, both according

to the GCM and to the MPM. Based on these probabilities, responses were

generated using the binomial distribution with the sample size that had been

adopted in the concerning experiment. These responses were subsequently

converted into rank order data patterns by assigning a rank position to each

of the 16 stimuli, resulting in 10, 000 simulated GCM data patterns and

10, 000 simulated MPM data patterns. For each simulated data pattern, we

calculated the PSP fit of the GCM and MPM, using Equation (4.1), and we

calculated a difference score: ∆fit = PSP fitGCM −PSP fitMPM. A negative

value of this difference score indicates a preference for the GCM, whereas a

positive value indicates a preference for the MPM.

Next, we generated frequency distributions of the ∆fit values for the

patterns simulated from the GCM on the one hand and for the patterns

simulated from the MPM on the other hand. Figure 4.6 depicts the ∆fit

distributions of the GCM patterns (in dark gray) and the MPM patterns
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(in white) in each category structure.

Figure 4.6: ∆fit distributions in the four different category structures, with ∆fit =

fitGCM − fitMPM. The dashed line indicates ∆fit = 0. A negative value of ∆fit

indicates a preference for the GCM, whereas a positive value indicates a preference

for the MPM. In each panel, the most left (dark gray) distribution reflects the ∆fit

distribution for the GCM patterns and the most right (white) distribution reflects

the ∆fit distribution for the MPM patterns. Light gray areas reflect overlapping

parts of the GCM and MPM distributions.

In the criss-cross structure, the GCM and MPM distribution lie for the

greatest part at the left and at the right of ∆fit = 0 (indicated by the dashed

line), respectively, meaning that the majority of the simulated data patterns

were correctly assigned to the model they were generated from. This ob-

servation is confirmed by the very high recovery rates, which indicate the

proportion of simulated data sets that were assigned to the data-generating

model (see Table 4.2). A small part of the MPM distribution is located at

negative ∆fit values, so there is a slight bias towards choosing the GCM in

this structure.

A very similar picture, and similarly high recovery rates, emerge in the
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Table 4.2: Model recovery rates based on PSP fit for the GCM and the MPM in

the four category structures from Nosofsky (1986).

Recovery rate

Structure GCM MPM

Criss-cross .9967 .9526

Interior-exterior .9949 .9863

Diagonal .9762 .9794

Dimensional .5781 .8291

interior-exterior and diagonal structures. Again, the GCM and MPM dis-

tribution hardly cross ∆fit = 0, so most of the data patterns were correctly

assigned to the model they were generated from, based on their PSP fit.

Finally, in the dimensional structure, a large part of the GCM distribu-

tion is located at positive ∆fit values (i.e., the light gray area to the right

of the dashed line), and a smaller part of the MPM distribution is located

at negative ∆fit values (i.e., the light gray area to the left of the dashed

line). This overlap is reflected in rather poor recovery rates, as shown in

Table 4.2. These observations are consistent with our expectations based on

the earlier observed indistinguishability of the models in this structure, and

imply, again, that selecting between the GCM and the MPM would have

been unwise in this structure, since it is impossible to know whether a GCM

or MPM pattern is underlying most of the ∆fit values.

Overall, for those structures where the PSP output in Figures 4.2 to

4.4 suggested that models are distinguishable, PSP based model selection

showed excellent recovery. In the one condition where a lack of distin-

guishability gave an early warning that model selection was elusive, model

selection, unsurprisingly, turned out to be very difficult.
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Discussion

In this chapter, we proposed a way of quantitatively summarizing the output

of a PSP analysis to assess a model’s PSP fit, allowing for a straightforward

decision rule for PSP based model selection. With an application in four

category learning conditions, we demonstrated PSP based model selection

between the GCM and the MPM. In three of the structures, PSP fit selected

the GCM as the model with the best qualitative fit. In one structure, we

refrained from selecting between the two models because an inspection of

their largest data patterns suggested poor model distinguishability. The

performance of PSP fit as a model selection method was evaluated with an

extensive model recovery study. In those cases where a visual inspection of

the PSP output suggested that models were distinguishable, PSP fit showed

excellent recovery rates.

PSP based model selection differs from more traditional model selection

methods (e.g., RMSE, AIC, BIC, Bayes factor, maximum likelihood, MDL)

in the sense that it focuses on qualitative, instead of quantitative, data and

model behavior, such as the ordinal relations between conditions. Thus,

considering the PSP fit to select among models is useful for those researchers

whose main interest is in a model’s qualitative adequacy (e.g., McFall &

Townsend, 1998; Pitt et al., 2003; Vanpaemel & Lee, 2012a; Wills & Pothos,

2012). Importantly, PSP based model selection is not intended to replace

traditional model selection methods that focus on the quantitative properties

of the data. Rather, it could be most fruitfully seen as complementary to

these methods.

PSP fit assesses a model’s scaled weighted average fit. By considering

the average fit, model complexity is taken into account. PSP fit penalizes

a model for generating data patterns that are dissimilar from the empirical

pattern, as it increases with larger distances between these patterns. How-
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ever, through Vi, the weight of a data pattern’s distance depends on the

representativeness of the pattern to the model. Generating data patterns

very distant from the empirical trend is not that damaging for a model,

provided that these patterns occupy a small part of the parameter space

only. Likewise, generating data patterns similar to the observed one is only

favorable for a model if these patterns are substantively representative for

its behavior, that is, if these patterns are assigned a high volume.

By design, the application scope of PSP fit is the same as that of PSP.

Thus, as PSP, PSP fit is currently not applicable to nonstationary models

(see Pitt et al., 2006). Further, it is important to keep in mind that much like

other model selection measures such as AIC or BIC, PSP fit is a measure of

relative model fit. Thus, it can be used to compare fits of competing models,

but it is mute about the absolute fit of the models under consideration.

While the recovery study indicated that PSP fit can perform well, we

anticipate several future developments regarding PSP fit that are possible

or even desired. First, this model evaluation approach is, in spirit, similar to

the marginal likelihood from Bayesian model selection (Jeffreys, 1961; Kass

& Raftery, 1995; Myung & Pitt, 1997) because the weighted average fit is

considered. However, in contrast to Bayesian methods, PSP has a rather

weak sensitivity to prior knowledge. In psychological models, priors can be

used to express theoretical assumptions (e.g., Vanpaemel & Lee, 2012b).

For example, an informative prior on the attention weight of the MPM and

GCM can be used to express the attention-optimization hypothesis, which

posits that learners tend to distribute their attention so as to optimize their

performance (Nosofsky, 1986). Accordingly, when a prior expresses theory,

model evaluation should be sensitive to the prior (Vanpaemel, 2010). PSP

in its current form allows researchers to express assumptions about param-

eter values only by adapting the range of the parameter space. Future work

could modify PSP so that a full prior distribution can be placed on the pa-
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rameter space. The effect of an informative prior would be that the volumes

of the regions are expanded or shrunk. Accordingly, data patterns would be

weighted less or more heavily when they are generated by parameter values

which are considered less or more plausible. Interestingly, PSP can pro-

vide useful information for determining priors. For example, if PSP output

shows that the model generates implausible data patterns, the regions in

the parameter space corresponding to these data patterns can be excluded

or down-weighted in the prior (Lee & Vanpaemel, 2016).

Second, in its current implementation, PSP fit is insensitive to sample

size, which may yield suboptimal selection behavior in some specific cases.

In particular, if there is a very large amount of data available, sampling er-

ror diminishes and the data become almost free of noise. In this case, being

able to predict the empirical data pattern should prevail in model selection.

Stated differently, when sample size grows to infinity, a model that can pre-

dict the empirical data pattern exactly should be selected over a model that

cannot generate this pattern, regardless of its complexity. This property is

akin to the criterion of consistency in quantitative model selection proce-

dures (where it is known that BIC is consistent, but AIC is not; see e.g.

Vrieze, 2012). PSP fit may possibly penalize too heavily for model com-

plexity when sample size is large. This observation has two consequences

for the use of the current implementation of PSP fit. First, its use is most

appropriate when sample size is small or moderate. Second, PSP fit is most

suited for explanatory, rather than predictive modeling (see e.g., Shmueli,

2010). The purpose of explanatory modeling is to obtain the most accurate

description of the (cognitive) process underlying the observed data. In this

light, model complexity has to be penalized to overcome that a model is ob-

tained that can fit many data patterns, without providing information about

the underlying process. In predictive modeling, the goal is to predict new

observations as accurately as possible, if necessary at the cost of theoretical
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accuracy. In this framework, often large amounts of data are available, and

complex models are required to generate accurate predictions. PSP fit may

not be not suited for this latter type of modeling.

A third extension is related to the observation that, as with all model

selection methods, conclusions based on PSP fit depend on the data that are

observed. Whereas a given experiment can produce a certain data pattern,

it might well be that other experiments generate completely different data

patterns, resulting in different model selection outcomes. Wills and Pothos

(2012) argued to move beyond model comparisons based on single data

sets, and rather compare models across a broad range of data sets. Using

PSP, the empirical representativeness of data patterns based on a literature

review (i.e., the frequency with which they are observed in experiments)

could be compared to the representativeness of the data patterns for the

competing models (see Steingroever et al., 2013). A possible extension of

PSP fit involves catering to this type of model comparison across a broad

range of empirical data patterns.

Finally, an important advantage of PSP based model selection is that

model distinguishability, which is important for any model selection method,

can be assessed without recourse to additional extensive simulation studies.

The same PSP output that lies at the basis of the PSP fit can serve as a proxy

for distinguishability. Thus, before data collection and model selection, a

researcher can run PSP on the models under consideration and examine

whether their data patterns are distinctive enough. When the data patterns

are very similar, the researcher is warned upfront that it will be difficult

to tell the competing models apart, and that it is not worth the effort to

collect empirical data. In this chapter, we relied on a visual representation of

the most representative data patterns of the competing models to examine

model distinguishability. The development of a formal way of assessing

distinguishability that moves beyond visual inspection may be an interesting
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direction for future research.

In conclusion, we hope that the current version of PSP fit is a useful first

step in using the rich information provided by PSP for selecting between

models based on qualitative aspects of models and data.
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Appendices

Appendix A: Calculation of the PSP fit for the hypothetical

models and data

In this section, we demonstrate how to compute the scaled average weighted

PSP fits (Equation 4.1) of model 1 and model 2 to the empirical data

pattern (3, 5, 2, 4, 1) under the Spearman’s footrule distance, given by

d (DP1, DP2) =
m∑
j=1

|DP1j − DP2j |, with DP1j and DP2j the rank posi-

tion of element j in the first and second data pattern respectively. Like

Figure 4.1, Figure 4.7 shows the models’ parameter spaces partitioned into

the regions that correspond to qualitatively different data patterns. In ev-

ery region, the distance between the corresponding data pattern and the

empirical pattern is depicted, multiplied with the proportion of the vol-

ume of the region. For example, the distance between the largest data

pattern of model 1, (5, 1, 2, 3, 4), and the empirical data pattern is

|3 − 5| + |5 − 1| + |2 − 2| + |4 − 3| + |1 − 4| = 10. Multiplying this dis-

tance with the volume of the corresponding region (i.e., 33%) results in a

weighted distance of 3.3. Summing all the weighted distances of model 1

yields 3.3 + 0.4 + 2.4 + 1.7 + 1.2 + 0.0 + 0.66 = 9.66. Under Spearman’s

footrule distance, the maximum distance between two data patterns with

an odd number of elements is (m+1)(m−1)
2 , where m is the number of ele-

ments, so in this example d(DPEmp, DPMax) = 12. Dividing the weighted

distance by this maximal distance gives a PSP fit of 0.81 for model 1. A

similar calculation results in a PSP fit of 0.17 for model 2.
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𝜃1 

𝜃2 

Model 1 

10 ∙ 0.33 = 3.3  

10 ∙ 0.04  
= 0.4  

12 ∙ 0.20 = 2.4  

0 ∙ 0.05  
    = 0.0  

12 ∙ 0.10  
= 1.2  

10 ∙ 0.17 = 1.7  6 ∙ 0.11 = 0.66  

𝜃1 

𝜃2 

Model 2 

2 ∙ 0.17 = 0.34  

2 ∙ 0.40 = 0.8  

2 ∙ 0.31 = 0.62  

2 ∙ 0.08 = 0.16  
4 ∙ 0.04  
= 0.08  

Figure 4.7: The weighted distances between the fictional empirical data pattern

(3, 5, 2, 4, 1) and the data patterns of hypothetical models, model 1 and model 2,

as depicted in Figure 4.1.

Appendix B: Formal details of the GCM and MPM

According to the Generalized Context Model (GCM; Nosofsky, 1986), clas-

sification decisions are based on the similarity of the stimulus to the relevant

categories. As categories are assumed to be represented by individual ex-

emplars, every exemplar in that category is considered in determining the

similarity to a category. When there are two categories, A and B, the prob-

ability that stimulus i is classified into category A is formalized as:

P (A | i) =

∑
j∈A

sim(i, j)∑
j∈A

sim(i, j) +
∑
j∈B

sim(i, j)
, (4.2)

where sim(i, j) indicates the similarity between stimulus i and exemplar j,

which is given by

sim(i, j) = exp

−c[ M∑
m=1

wm | xim − xjm |r
] 1

r

 . (4.3)

In this equation, c is a sensitivity parameter, M is the number of stimulus

dimensions, wm is an attention-weight parameter, xim and xjm denote the

coordinates of stimulus i and exemplar j on dimension m, respectively, and r

is the metric. Most often, r is not considered a free parameter but is assumed
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to depend on the type of dimensions that compose the stimuli. Generally, the

city block metric (r = 1) is used when stimuli vary on separable dimensions,

and the Euclidean metric (r = 2) is used for stimuli varying on integral

dimensions. In the applications in this chapter, the Euclidean metric was

used.

The Multiplicative Prototype Model (MPM; Minda & Smith, 2011; Nosof-

sky, 1987; Reed, 1972) differs from the GCM in one crucial assumption: A

category is assumed to be represented by one abstract summary item, which

means that, in determining the similarity of a stimulus to a category, only

this item is considered. This summary item, called the prototype, is defined

as the average of all individual exemplars. The coordinates of the category A

prototype are the averaged coordinates of all of the nA members of category

A:

xAm =
1

nA

∑
j∈A

xjm, (4.4)

and likewise for category B. According to the MPM, the probability that

stimulus i is classified into category A is formalized as:

P (A | i) =
sim(i, A)

sim(i, A) + sim(i, B)
, (4.5)

where sim(i, A) denotes the similarity between stimulus i and the category

A prototype, given by

sim(i, A) = exp

−c[ M∑
m=1

wm | xim − xAm |r
] 1

r

 . (4.6)
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Appendix C: Detailed PSP procedure and output

For each of the four category structures used in Nosofsky (1986), we ran the

PSP algorithm on both the GCM and MPM. The range of the parameter

space of both models was [0, 1] for the attention parameter w, and [0, 20]

for the sensitivity parameter c, based on what is typically observed in ex-

periments. A data pattern was defined as the ranking of the category A

response percentages (rounded to the nearest integer) for the 16 stimuli.

All stimuli with equal rankings (i.e., same category A response percentages)

were assigned a midrank value (i.e., rank position equal to the average of

all the tied positions). As suggested by Pitt et al. (2006), we ran PSP

five times for each model and structure to ascertain consistency. The PSP

output comprised of all data patterns generated across the runs, with the

volume of each data pattern determined by calculating the average of its five

assigned volumes (if the data pattern had not been generated in a certain

run, it was assigned a volume of 0%). This resulted in 8426, 14,848, 3902,

and 6702 data patterns for the GCM, and 2142, 4444, 6222, and 5023 data

patterns for the MPM in the criss-cross, interior-exterior, diagonal, and di-

mensional structure, respectively. The data patterns occupying at least one

percent of the parameter space of the GCM and MPM can be found in the

supplementary material, available on https://osf.io/qe5kc.
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Appendix D: Recovery results sensitivity analysis

This section contains the results of the sensitivity analysis to evaluate the

robustness of the PSP fits in the application example. Table 4.3 shows the

PSP fits of the GCM and MPM in the four category learning structures

obtained across the different data pattern definitions, considered stimuli

and parameter ranges. The PSP fits between brackets reflect fits of mod-

els that appeared to be indistinguishable based on a visual inspection of

their largest data patterns (the figures showing these data patterns in the

diagonal structure can be found in the supplementary material, available on

https://osf.io/qe5kc).
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General Discussion

With this dissertation, we want to make a contribution to the larger move-

ment in psychological research to critically scrutinize and improve the cur-

rent research practices. More specifically, we focused on three commonly

made advices for improving research practices. In the first chapter, we

performed a replication study, implementing the most emphasized recom-

mendation. In the second chapter, we elaborated on the advice to improve

transparency by raising awareness of the necessity of an increased trans-

parency about arbitrary choices in data processing. We demonstrated the

importance of reporting the robustness of the results across these arbitrary

choices by use of a multiverse analysis. In the last two chapters, we focused

on the advice to adopt a Bayesian, rather than frequentist, statistical frame-

work. In Chapter 3, two Bayesian model selection methods were compared:

The commonly used Bayes factor versus the recently introduced Prior Infor-

mation Criterion (PIC). The results revealed that the PIC, in contrast to the

BF, can produce puzzling and undesirable outcomes. This chapter served as

a cautionary tale: Although Bayesian testing is often recommended for bet-

ter research practices, one should be critical about which specific Bayesian

method to use. Finally, in Chapter 4, we extended the core idea of the

Bayes factor – considering average fit rather than best fit – to qualitative

data. We started from parameter space partitioning to propose a measure

for qualitative model fit, which can be used for model selection when the

interest is in qualitative data patterns.

127
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In this final chapter, we discuss some additional reflections, and current,

unpublished work on the good research practices that were addressed in this

dissertation.

Replication

Replication has received a lot of attention in the light of the crisis of confi-

dence in psychology. Many researchers have emphasized the importance of

replication studies (e.g., Asendorpf et al., 2013; Finkel, Eastwick, & Reis,

2015; Pashler & Wagenmakers, 2012; Roediger, 2012), journals have shown

an increased appreciation for replication attempts (e.g., Grahe, 2014; Lind-

say, 2015; Nosek & Lakens, 2016; Zwaan & Zeelenberg, 2013), and several

large-scale replication initiatives have emerged. Our replication study of the

crowd within effect in Chapter 1 was also part of such a large-scale repli-

cation project, known as the Reproducibility Project: Psychology (RPP;

Open Science Collaboration, 2015).

The RPP was a collaborative effort to evaluate the reproducibility of

published findings in psychology. In total, 100 replication studies were per-

formed by different groups of researchers, including our crowd within study.

Whereas we successfully replicated the original finding, this was not the

case for all studies: Only 36% of the replications had significant results (in

contrast to 97% of significant results in the original studies) and 47% of the

original effect sizes were in the 95% confidence interval of the replication ef-

fect size. The publication of these findings had a large impact in the research

field, as it fostered awareness of the need for improved research practices in

the whole psychological scientific community.

Other large-scale replication efforts in which we are currently collabo-

rating are the Many Labs 5 project (Ebersole et al., 2017) and the Action-

sentence Compatibility Effect Preregistered Replication (Kaschak et al.,

2017).
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The goal of Many Labs 5 is to evaluate whether formal peer review of

replication protocols can improve reproducibility. The project takes the 11

replications from the RPP that were labeled as “not endorsed” as a starting

point. In the RPP, all replication teams contacted the authors from the

original studies and asked them for feedback on a draft of the replication

design before data collection. Whereas most of the original authors endorsed

these replication protocols, in 11 cases, concerns were expressed about fac-

tors that could interfere replication such as a different sample or changes

to the design. In the Many Labs 5 project, these 11 non-endorsed replica-

tion protocols are revised by the original authors and/or other domain ex-

perts until they are endorsed. Afterwards, new replications, both with the

non-endorsed RPP protocols and the revised protocols, are conducted by

different replications teams, where (if possible) each team randomly assigns

participants to either the endorsed or non-endorsed protocol. A comparison

of the replication results obtained from these two types of protocols will

shed light on the question as to whether formal peer review on replication

protocols can enhance reproducibility.

Our contribution to the Many Labs 5 project is a collaboration on the

replication of Study 6 by Risen and Gilovich (2008), which examines the

belief that “tempting fate” is punished with ironic bad outcomes. In this

study, participants read a scenario which asks them to imagine themselves

in a large lecture and they either read that they have done the reading for

the class or that they have not done the reading. Then, they are asked how

likely they believe it is that they would be called on by the professor to an-

swer a question. Half of the participants are placed under a cognitive load

during reading and answering by making them count backwards by 3s. The

results from the original study showed that participants who imagined that

they had not done the reading believed that it was more likely that they

would be called on in class than participants who imagined that they had
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done the reading, and this effect was more pronounced when participants

responded under cognitive load. The authors interpreted these findings as

evidence for their hypothesis that cognitive System 2 processes (which are

are preoccupied by a cognitive load) can suppress the irrational belief in

tempting fate, originating from heuristic System 1 processes. However, the

(non-endorsed) RPP replication attempt failed to replicate these original

findings. Concerns that were raised by the original authors about the RPP

replication protocol were related to the sampling frame (undergraduates in

the original study vs. Mechanical Turk participants in the replication study)

and questionnaire administration (on paper in the original study vs. online

in the replication study). They argued that the scenario in the questionnaire

would be more relatable to undergraduates than to a non-student sample,

and that an online environment could interfere adequate control of the cog-

nitive load. The revised and endorsed protocol therefore differs from the

non-endorsed protocol in the following ways: The sampling frame consists

of undergraduate students instead of MTurkers, the procedure is conducted

in person instead of online, and manipulation checks are included. Unlike

in other studies in the Many Labs 5 project, random assignment of partici-

pants to endorsed and non-endorsed protocols within replication teams was

not possible here, because of the different sampling frames in the two proto-

cols. Therefore, different replication teams conducted the replication study

with either the endorsed protocol (which was the case for our replication

team) or the non-endorsed protocol. At the time of writing, all data are

collected and under analysis.

The Action-sentence Compatibility Effect Preregistered Replication is

a multi-lab replication study to examine the reproducibility of the Action-

sentence Compatibility Effect (ACE; Glenberg & Kaschak, 2002), which

is a motor compatibility effect that indicates a relationship between lan-

guage comprehension and motor processing. More specifically, the effect is
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demonstrated by letting participants judge whether sentences describing di-

rectional actions (e.g., “Meghan handed you the book” describes an action

toward you, whereas “You handed Meghan the book” describes an action

away from you) are sensible or not by pressing either a button near the body

(a toward response) or a button farther from the body (an away response).

According to the ACE, sensibility judgments are made faster if the direction

of the sentence action matches the direction of the response action. Whereas

this effect has been important for theory building in language comprehen-

sion, its reproducibility was recently questioned by Papesh (2015). However,

the lead researchers from the ACE Preregistered Replication disagree with

the strength of evidence presented against ACE. Therefore, they established

a large-scale replication effort of the original ACE study with the collabora-

tion of different replication teams, in order to resolve questions concerning

the reproducibility of ACE.

Naturally, this emerging emphasis on replication studies in psychology

comes with new challenges. A current issue is the establishment of clear

standards for evaluating replication results. In Chapter 1, we evaluated our

replication results against two replication standards. Besides the traditional

approach of regarding a replication as successful or failed if a significant or

non-significant result is obtained, we also used the “detectability approach”,

as introduced by Simonsohn (2015). This approach evaluates replication

results by assessing whether they are consistent with an effect size big enough

so that it could have been detected in the original study. On the same

line of reasoning, Verhagen and Wagenmakers (2014) proposed a Bayesian

replication test to quantify the extent to which a replication attempt has

failed or succeeded by evaluating whether the effect from a replication study

is comparable to the effect that was found in the original study. Others have

advocated to evaluate replication results by conducting a meta-analysis, in

which the original study result is combined with the replication result(s) to
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calculate an average weighted effect size (e.g., Asendorpf et al., 2013; Rouder

& Morey, 2011; Valentine et al., 2011). Clearly, there are different ways to

examine replication results, and it is probably useful to consider multiple

perspectives. For example, in the RPP, the replication results were evaluated

according to five criteria, including p-values, effect sizes, meta-analysis and

subjective assessments of replication. However, it would be useful if future

work would establish more clear guidelines concerning evaluation standards

for replication results.

Another issue is the distinction between direct and conceptual replica-

tions. In Chapter 1, we performed a direct replication study, meaning that

we tried to exactly repeat the original crowd within study as close as possible,

using the same methodology. Successful exact replications can confirm the

replicability of findings. On the other hand, conceptual replication studies

aim to examine the generalizability of an effect by conducting the experi-

ment using a different methodology, context or population. In the context

of the crisis of confidence, most researchers have stressed the importance of

exact replication studies, since failed conceptual replication attempts leave

open too many interpretations for the reason of failure (e.g., Nosek, Spies,

& Motyl, 2012; Simons, 2014). However, both replicability and general-

izability are necessary to evaluate the thrustworthiness of findings (LeBel,

Vanpaemel, McCarthy, Earp, & Elson, 2017).

In a recent pilot project on which I collaborated, we worked on a method

to examine the generalizability of an effect across different experimental

contexts, using a single study. More specifically, the approach focuses on

the generalizability of results across different design decisions, such as the

selection of stimuli, the wording of instructions, the measurement of the

dependent variable, and so on. Different decisions, resulting in different

“experimental contexts”, can lead to different, heterogeneous results. A

well-known and often recommended method to deal with this heterogene-
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ity is meta-analysis, which combines the results from different studies to

estimate the between-study variability and the generalizability of the ef-

fect across studies. Based on this idea, we propose a more systematic and

efficient way to evaluate the generalizability of an effect across different ex-

perimental contexts, namely a meta-study. In a meta-study, a researcher

lists all reasonable experimental choices, resulting in a population of exper-

imental contexts, and then studies the effect in a random sample from this

population, with only a few participants assigned to each context. Thus, a

meta-study comprises one large study, consisting of a sample of small studies

with different experimental contexts. With the use of a hierarchical analysis,

this approach will allow researchers to assess and report the robustness and

generalizability of an effect across different experimental designs, based on

a single study.

Transparency

Increasing transparency is another frequently suggested solution for restor-

ing confidence in psychological research findings. This topic covers a diver-

sity of recommendations, related to different aspects of the research process,

such as preregistration, reporting the sample size plan, reporting all mea-

sures, open materials, open data, and so on (e.g., Asendorpf et al., 2013;

Ioannidis, 2014; Nosek et al., 2015; Rouder, 2016; Simmons et al., 2012;

Wagenmakers et al., 2012; Wicherts et al., 2011). In our crowd within repli-

cation study (Chapter 1), we fully committed to transparency practices by

preregistering the study to the level of the analysis code, and making all

study details publicly available at the Open Science Framework, including

the experimental materials, the raw and processed data, and the analysis

code.

In Chapter 2, we highlighted the importance of being transparent about

one specific aspect of research, namely arbitrary choices in data process-
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ing. We argued that researchers should move away from a single data set

analysis, and disclose the full multiverse of results across different arbitrary

choices in data processing. Recently, Credé and Phillips (2017) performed

a multiverse analysis to examine the robustness of the “power pose” effect

(i.e., the effect that body postures associated with power result in increased

levels of testosterone and risky decision-making behavior) across alternative

data analytic specifications. They considered three data analytic decisions,

including arbitrary choices in data processing (identification of outliers), as

well as in model choice (choice of dependent variable, use of control vari-

ables). The multiverse of results revealed that the power pose effect is highly

sensitive to the specific combination of these choices.

Silberzahn et al. (2017) suggested another way for dealing with the issue

of many potential outcomes: They evaluated the impact of the diversity

in analytic choices by crowdsouring data analysis. Different research teams

analyzed the same data set to answer the same research question concerning

the relation between skin tone and red cards in soccer. Each team subjec-

tively decided how they would analyze the data set in order to answer the

same hypothesis. The results showed not only a high variability in analytical

approaches – all based on reasonable decisions – across teams, but also an

accompanying high variability in estimated effect sizes.

The movement towards an increased transparency in research obviously

also comes with many challenges. For example, whereas there is a growing

appreciation for preregistration, clear preregistration standards are lacking.

Wagenmakers et al. (2012, p. 635) suggested that “before a single partic-

ipant is tested, the researcher submits ... a document that details what

dependent variables will be collected and how the data will be analyzed

(i.e., which hypotheses are of interest, which statistical tests will be used,

and which outlier criteria or data transformations will be applied)”. Indeed,

this captures the core a what a preregistration document should contain.



General Discussion 135

However, a more detailed checklist would be useful. For example, Wicherts

et al. (2016) presented a checklist of 34 degrees of freedom in the plan-

ning, executing, analyzing and reporting of psychological studies, which can

be useful for assessing the quality of preregistrations. In a recent project

on which I collaborated, a preliminary version of a detailed preregistration

checklist has been created. The purpose of this checklist is to make prereg-

istration more accessible to researchers by providing them clear guidelines,

and to improve the quality of research by making researchers aware of the

necessary components in a preregistration document.

Another unresolved issue is how to handle studies that deviated from

the preregistration document. Preregistered studies are considered to be of

higher quality, but not all studies adhere to the registered protocol (LeBel

et al., 2017). For example, the COMPare team (see compare-trials.org)

recently compared all clinical trial reports that were published in the top

five medical journals with their registered protocols. They found that, on

average, only 58.2% of the prespecified outcomes were reported and 5.3 new

outcomes were silently added in each trial. It may be interesting for future

work to establish guidelines for evaluating the level of adherence to the

preregistered document and how to handle different types of non-adherence.

Bayesian Framework

Another frequently mentioned recommendation for improving research prac-

tices is the adoption of a Bayesian, rather than frequentist framework (e.g.,

Dienes & McLatchie, 2017; Rouder et al., 2009; Wagenmakers et al., 2011;

Wagenmakers, Morey, & Lee, 2016). Especially the use of Bayes factors is

highlighted in this class of recommendations, as they are the Bayesian an-

swer to hypothesis testing, which still is the workhorse approach for most

psychologists. Advantages of Bayesian methods include, among others, in-

sensitivity to the stopping rule that is used for data collection, the ability
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to handle small data sets, and the ability to provide evidence for both the

alternative and the null hypothesis.

Convinced of the conceptual and practical benefits of Bayesian inference

compared to traditional frequentist inference, recent efforts have been made

to overcome computational obstacles for calculating Bayes factors. The

development of user-friendly software such as JASP (JASP Team, 2017)

and the BayesFactor package in R (Morey & Rouder, 2014) now allows

researchers to easily compute Bayes factors for standard methods, such as

t-tests, ANOVA and regression.

Another obstacle to the adoption of Bayesian methods is that they re-

quire the specification of a prior distribution. Not only is it often difficult

to find a suitable distribution to capture prior knowledge, some authors

also find priors problematic because they further increase researcher degrees

of freedom, creating extra opportunities for questionable research practices

(e.g., Simmons et al., 2011). However, as we already noted in Chapters

3 and 4, we find the implementation of priors very useful, as they can

be used to express theoretical assumptions. Moreover, just as other with

subjective data analytic choices, this problem can be dealt with easily by

checking the robustness of the results across different reasonable prior spec-

ifications. Whereas most user-friendly tools for calculating Bayes factors

make use of default priors, it would be interesting for future research to ex-

pand this to informative priors. A recent example can be found in Gronau,

Ly, and Wagenmakers (2017), who introduced an extension to the default

Bayesian t-test (Jeffreys, 1948; Rouder et al., 2009), allowing researchers to

assign an informed prior distribution to effect sizes. In contrast to the zero-

centered Cauchy prior, which is the default in the BayesFactor package,

expert knowledge about the effect size can be captured by this informed

prior, centered away from zero.

Gronau et al. (2017) demonstrated this informed Bayesian t-test with
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three application examples, one of which was a reanalysis of the crowd within

data that we collected in our replication study in Chapter 1. More specif-

ically, this reanalysis focused on the comparison of the first guess to the

average guess in the delayed condition, for which we found that the error of

the average was smaller than the error of the first guess, t(139) = 4.02, p <

.001; BF = .007 (BF in favor of the null hypothesis of no effect; see Table

1.5). The reanalysis of these data was “informed” by the results from the

original study from Vul and Pashler (2008). That is, first a posterior distri-

bution for the effect size was generated based on the results from Vul and

Pashler (2008). This posterior was then used as an informed prior distri-

bution for our replication data; A Bayes factor was calculated, comparing

the null hypothesis of a zero effect size with the alternative hypothesis as-

signing this informed prior to the effect size. The obtained Bayes factor was

BF = 901.5 in favor of the informed alternative hypothesis. In comparison,

the default Bayesian t-test (which compares the null hypothesis to the zero-

centered Cauchy prior) yielded a BF = 170.2 (when the scale parameter

for the Cauchy is set to 1/
√

2) or BF = 132.8 (when the scale parameter

for the Cauchy is set to 1) in favor of the alternative. Thus, the informed

Bayesian t-test provides more evidence for the alternative than the default

test, which makes logic sense since the former takes into account the expec-

tations based on the original study, and the replication results are in line

with those expectations.

Bayesian vs frequentist: Does it matter?

Despite the growing sense of the advantages of using a Bayesian, rather than

a frequentist framework, a question which remains unanswered is whether

this would make a difference in practice: If the statistical workhorse in

psychology would change from p-values to Bayes factors, would there be a

change in qualitative results? In a current project, we aim to address how
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psychology would look like from a Bayesian perspective by evaluating the

extent to which conclusions based on Bayes factors differ from to those based

on p-values.

Wetzels et al. (2011) performed an empirical comparison between Bayes

factors and p-values using 855 published t-tests in psychology. For each of

the 855 empirical findings, they calculated a default Bayes factor and com-

pared it with the corresponding p-value. Whereas both measures greatly

covaried, the main difference was that p-values tended to provide more sup-

port in favor of the alternative hypothesis compared to Bayes factors. On

a practical level, many of the published significant results would have been

considered “worth no more than a bare mention” if Bayes factors instead of

p-values would have been used for inference. Whereas Wetzels et al. (2011)’s

empirical comparison was restricted to t-tests, the current project covers a

much broader comparison between Bayes factors and p-values, applied to a

wide variety of research designs.

In order to compare the results based on Bayes factors versus those based

on p-values, we will reanalyze data from studies that were published in the

2012 issues of four different APA journals: Emotion, Experimental and Clin-

ical Psychopharmacology, Journal of Abnormal Psychology and Psychology

and Aging. Vanpaemel, Vermorgen, Deriemaecker, and Storms (2015) col-

lected the data by emailing the first authors of all of the concerning articles

with an explanation of the purpose of our project and a request to send

the raw data from their study. In total, Vanpaemel et al. (2015) asked ap-

proximately 400 data sets and received approximately 150 data sets. This

response rate is disconcertingly low, but higher than the sharing rate that

was found by Wicherts, Borsboom, Kats, and Molenaar (2006) a few years

earlier.

In each data set, we will focus on the main results only, based on what is

written in, for example, the abstract or the conclusion of the corresponding
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article. Further, we will only focus on results based on analyses for which

the equivalent Bayes factor calculation is implemented in the BayesFactor

package, as we are interested in results from Bayes factors that could have

been easily obtained by the original authors.

In a first stage, we are trying to replicate the original main results by

performing the same frequentist analyses as reported in the article. Unex-

pectedly, this turned out to be not straightforward. Obstacles that we have

encountered in this process are, for example, difficulties to find out which

statistical analyses were performed, which variables were selected, which

participants were selected, and not enough data available to replicate the

analyses. In the first two journals that we already considered (i.e., Journal

of Abnormal Psychology and Psychology and Aging), we encountered repro-

ducibility issues – ranging from obtaining different degrees of freedom to

not knowing which variables to select – in approximately two-thirds of the

articles. We were surprised to encounter these kind of problems for such a

large number of articles, and we believe this flagrantly confirms the need for

an increased transparency, such as the sharing of replication files (Dafoe,

2014).

The next step is to contact the original authors of the articles with

reproducibility issues and ask them for clarification. Once we have man-

aged to overcome the reproducibility hurdles and replicated (or corrected)

all main findings, we will calculate the equivalent Bayes factor, using the

BayesFactor package. Across all results, we will compare the conclusions

based on the p-values with those based on the Bayes factors.

Final Note

The crisis of confidence in psychology has triggered many researchers to

propose recommendations for better research practices. These recommen-

dations cover a wide variety of topics across the whole research cycle. In this
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dissertation, we addressed some of these topics, but others remained largely

undiscussed. For example, it also has been argued that organizations such

as granting agencies, tenure committees and the educational system should

place more emphasis on responsible conduct of research, or that journals

should change their publication policies. Clearly, there is no single solution

to overcome the crisis of confidence, but hopefully this dissertation can make

a valuable contribution towards better research practices in psychology.
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